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ABSTRACT 
The study investigated two approximate methods of modal analysis 
for hysteretic multi-degree-of-freedom lumped mass structural models 
subjected to earthquakes. The methods were (1) approximate modal 
analysis using elastic response spectra, and (2) approximate modal 
analysis using inelastic response spectra. Both modal analysis procedures 
were iterative and used a perturbation method to successively modify the 
original elastic mode shapes at each iterative step to reflect yielding 
in the system. The procedures were developed and evaluated only for 
shear beam structural systems consisting of members with bilinear 
hysteresis. Extensive comparisons of exact and approximate responses 
were made for various 1-, 3- and lO-degree-of-freedom systems. Four 
existing earthquakes were used, and several structural stiffness and 
strength parameters were varied. Maximum story displacements were 
generally predicted within about 5-40 percent accuracy. The equivalent 
nonlinear approach using inelastic response spectra appeared to give 
generally better accuracy than the equivalent linear approach using 
elastic response spectra. 
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1.1 Background 
CHAPTER 1 
INTRODUCTION 
The design of structures to resist severe earthquake motions is an 
area of structural engineering which has received a great deal of attention 
in recent years. Requirements of economical design demand that most struc-
tures be designed to respond in the inelastic range under the most severe 
ground motions. Thus design procedures recognize, either implicitly or 
explicitly, that inelastic response will occur. It is desirable that the 
inelastic deformation capacities required of the structural members be 
explicitly recognized by the designer, rather than be implied by a set 
of reduced design forces. 
In order to explicitly consider inelastic behavior in design procedures, 
simple methods of analysis are needed. Current capabilities in analytical 
modeling of structural components and their hysteretic behavior make it 
possible, in principle, to carry out step-by-step numerical computations 
of structural response to selected earthquake acceleration records~ How-
ever, because of uncertainties in such structural and material property 
modeling, variabilities in possible earthquake motions, and the high cost 
of inelastic response history calculations for large structures, such 
methods are not suitable for preliminary design. Approximate methods of 
analysis are needed which are relatively inexpensive, allow assessment 
of the effects of design changes, and facilitate understanding of structural 
behavior. 
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It appears that the only viable approach is a modal analysis~response 
spectrum approach. Such methods are becoming more widely used for elastic 
response calculations. Modifications of this general approach to recognize 
inelastic behavior have been proposed although modal analysis is strictly 
applicable only to linear systems. Shibata and Sozen [32] developed a 
design method for reinforced-concrete frames i'n which a softer and more 
highly damped IIsubstitute structure ll is analyzed by elastic modal analysis. 
Newmark and Hall [27] proposed the use of inelastic response spectra 
combined with elastic modal analysis. A reduced design spectrum is used 
which is essentially determined from inelastic single-degree-of-freedom 
response calculations. Several recent studies [1 ~ 23] have examined this 
concept, and have concluded that the method appears unable to accurately 
predict localized yielding and that the level of inelastic deformation 
implied in the response spectrum does not closely correspond to the levels 
of inelastic deformations in the structural members. 
1.2 Object and Scope of Study 
The objective of this study was to investigate and evaluate two 
approximate methods of modal analysis for hysteretic multi-degree-of-
freedom lumped mass structural models. 
The methods are: (1) Approximate modal analysis using elastic 
response spectra. This type of approximation uses the well-known method 
of lIequivalent linearization ll for nonlinear structures regarding which an 
extensive body of literature exists. The "Substitute Structure Method ll 
of Shibata and Sozen [32J is of this type. (2) Approximate modal analysis 
using inelastic response spectra. The procedure developed in this study 
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recognizes changes in "mode shapes" as a function of inelastic behavior 
and defines in terms of member ductilities a "mo da1 ducti1ity" with 
which to enter the inelastic response spectrum. 
The procedures are developed and evaluated only for shear beam 
structural systems consisting of members with bilinear hysteresis. 
Extensive comparisons of exact and approximate responses were made for 
various 1-, 3-, and lO-degree-of-freedom systems subjected to four 
different earthquake acceleration inputs. 
In Chapter 2, the approximate steady state solutions for nonlinear 
single degree-of-freedom (SDF) and multi degree-of-freedom (MDF) systems 
subjected to harmonic base excitation are derived by the method of 
equivalent linearization. The development is from a slightly different 
viewpoint than taken by Iwan [15J who has considered the MDF problem 
previously. This leads naturally to the use of the mode shapes of the 
equivalent linear system for the modal decomposition, for both methods 
of approximate analysis. The solutions for harmonic excitation provide 
insight into the behavior of the nonlinear systems and are used later 
as basic components of the approximate solution methods for earthquake 
excitation. The use of the simple excitation also allows a logical 
definition of modal ductility to be obtained. 
In Chapter 3 a pseudo-steady state harmonic response is found which 
gives the same frequency shift and damping as the transient response of 
a SDF bilinear system. This pseudo-steady state harmonic response is 
related to the maximum earthquake response by means of a correlation 
factor. The correlation factor is obtained from available analog computer 
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results for bilinear SDF systems subjected to stationary Gaussian white 
noise excitation and to bursts of white noise. For comparative purposes, 
earthquake and pulse-like excitation responses are examined in the 
frequency domain using Fourier analysis. 
In Chapter 4, the approximate modal analysis procedures are summarized 
in a step-by-step format and numerical exampl~s are given. A perturbation 
method is used for modifying the original elastic mode shapes depending on 
the level of inelastic response. 
In Chapter 5, extensive numerical comparisons are made between 
maximum responses calculated by "exact" numerical step-by-step integration 
and maximum responses predicted by the two approximate modal analysis 
procedures. A large number of 1,3 and 10 story bilinear shear beam 
systems subjected to four different earthquakes are studied. Additional 
results for SDF systems are contained in Appendix E. 
1.3 Previous Work 
Relevant previous work ;s briefly noted here, and is discussed later 
in the text where appropriate. 
A large body of literature exists which deals with the response of 
nonlinear SDF systems. An excellent overview of nonlinear analysis 
techniques is given by Iwan [16J. 
The steady state harmonic response of hysteretic SDF systems has been 
investigated by Caughey [7J, Jennings [18J and Iwan [13], by approximate 
analytical methods including equivalent linearization. Jennings [19J 
summarized various ways of modeling resonant frequency shift and equivalent 
viscous damping for steady state harmonic response. 
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The random vibration of hysteretic SDF systems subjected to white 
noise excitation has also been extensively investigated by Caughey [5, 6J 
using extensions of the same approximate analytical techniques. A consider-
able amount of empirical response data, obtain via analog computer, has 
been compiled by Brown [4J, Iwan and Lutes [17J, Lutes [20J, and Chokshi 
and Lutes [8J. 
Many studies of earthquake response of nonlinear SDF systems have 
been carried out. Veletsos, Newmark and Chelapati [34] presented simple 
approximate rules for the construction of deformation spectra for undamped 
and lightly damped systems from consideration of the gross characteristics 
of the displacement, velocity and acceleration diagrams of the ground 
motion. The spectra for the inelastic systems were related to those 
applicable to elastic systems. Veletsos and Vann [35J presented results 
for 1, 2 and 3 degree-of-freedom elastoplastic systems subjected to simple 
pulse and earthquake motions. 
Results of general applicability for MDF systems are much less 
extensive than for 5DF systems. 
The steady state harmonic response of a class of hysteretic MDF systems 
has been treated by Iwan [15J, using decomposition of response into elastic 
mode shapes. 
Random vibration response of hysteretic MDF systems to stationary white 
noise excitation has been considered by several authors [2, 10J. 
Procedures for step-by-step numerical integration of the equations of 
motion for hysteretic MDF systems subjected to earthquake excitation have 
been described in many papers which are too numerous to cite individually. 
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These procedures are described in standard texts [28J. Design-oriented 
approximate procedures have been investigated by Shibata and Sozen [32J, 
Montgomery and Hall [23J, Agnastopou1ous, et al. [lJ, and Guerra and 
Esteva [11J. 
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CHAPTER 2 
STEADY STATE RESPONSE OF A NONLINEAR HYSTERETIC 
SYSTEM TO HARMONIC EXCITATION 
2. 1 I ntroduct ion 
The steady state response of linear systems to harmonic input can be 
expressed in terms of a transfer function which depends on the system 
properties but not on the excitation. Transient response to a general 
input can be found by superposition in the frequency domain. For a non-
linear hysteretic system, a transfer function does not, strictly speaking, 
exist since superposition does not apply. However, given a specific 
input, one can still define the ratio of output to input at each frequency 
as a II non linear transfer function ll • Although this nonlinear transfer 
function depends strongly on the input, it is still useful since the shift 
of effective frequency and increase in effective damping as a function of 
response nonlinearity can be easily observed. 
In this chapter, results for linear systems are first briefly reviewed 
for completeness and to introduce notation. The approximate steady state 
solutions for nonlinear SDF and MDF systems subjected to harmonic base 
excitation are then obtained by the method of equivalent linearization [6J. 
These solutions provide some insight into the behavior of the nonlinear 
systems and are used later as basic components of the approximate solution 
methods for earthquake excitation. 
Steady state response of linear SDF and MDF systems subjected to 
harmonic excitation is treated in many texts. Only a brief review of 
8 
these results is presented herein. Details may be found in Ref. [33J. 
2.2.1 Single Degree-of-Freedom System -- Consider a SDF system 
subjected to harmonic base excitation as shown in Fig. 2.1. The equation 
of motion of the system is 
. 
mx + c x + kOx = mR cos wt (2.1) 
where m, c and kO are the system mass, damping and stiffness, respectively; 
mR cos wt is harmonic excitation with circular frequency w; and x, x and x 
are respectively the spring displacement, velocity, and acceleration 
relative to the base. 
The steady state displacement response, x, is at the same frequency 
as the input with a phase shift, ¢. 
x = A cos (wt + ¢) (2.2) 
where 
(2.3a) 
tan ¢ = (2.3b) 
in which ~ is the fraction of the critical damping and wo is the natural 
circular frequency. 
The plots of Eqs. (2.3a) and (2.3b) for a system with ~ = 0.02 are 
shown in Fig. 2.2. 
2.2.2 Multi ·Degree-of-Freedom System -- Consider a discrete, lumped-
mass system with N degrees-of-freedom subjected to harmonic base excitation. 
The equation of motion of the system is 
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[M]{U} + [C]{u} + [K]{u} = [M]{r} R cos wt (2.4) 
where [M], [K] and [C] are mass, stiffness, and damping matrices of order 
(N x N). {u}, {u} and {U} are, respectively, (NX1) displacement, velocity, 
and acceleration vectors relative to the base. {r} is a vector of order 
(NX1) which represents the displacements resulting from a unit base 
displacement. 
Free vibration mode shape vectors of order (NX1), {¢ } of the system 
n 
satisfy 
(2.5) 
and the o rthogona 1 i ty conditions 
{¢ }TCM]{¢ } = 0 m :f n m n (2.6a) 
{~m}T[K]{CPn} = 0 m :f n (2.6b) 
By applying r.odal decomposition, the displacement vector, {u}, becomes 
N 
{u} = ~ {¢n} nn 
n=l 
where n denote~ the rode n, and nn is the normal mode displacement. 
Equation (2.':). in view of Eqs. (2.6a), (2.6b) and (2.7) and the 
(2.7) 
assumption thdt ~~~ corresponding orthogonality condition applying to [M] 
and [K] also ap~;les to [C], becomes 
(2.8) 
for n = 1, 2, ... , N 
in which 
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m = {<pn}T [M]{<i?n} (2.9a) n 
k
n 
= {<pn}T [K]{<p
n
} = m w2 n n (2.9b) 
2~nmnwn = {<pn}T [C]{<pn} (2.9c) 
r = {<pn}T [M]{r} (2.9d) n 
where m ,~ and k are modal mass, damping and stiffness, respectively, 
n n n 
wn is the modal natural circular frequency, and rn is the modal participation 
factor. 
The modal stiffness, k , can be directly related to the element 
n 
stiffness properties as follows. 
k
n 
= {<pn}T [K]{<p
n
} 
= an} T [~ [L]![K]e[L]e] {4>n} 
in which 
{u} = [L] {u} 
e e 
(2. 1 Oa) 
(2.10b) 
where the subscript e denotes element, {u}e is the element displacement 
vector of order (MX1), [L] is the localizing matrix of order (MXN), [K] 
e e 
is the element stiffness matrix of order (MXM) , and M is the number of 
degrees of freedom in element e. 
The element stiffness may be expressed, for a constant strain. element, 
as 
(2.l1a) 
in which 
(2.l1b) 
(2.11c) 
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where {s} is the element strain vector of order (SX1), [B] is the 
e e 
element strain-displacement relation matrix of order (SXM), {a}e is the 
element stress vector of order (SX1) and [kJ is the element stress-
e 
strain matrix of order (SXS), and S is the number of strain components 
in the element e. 
From this point on, it is assumed that each element has only a 
single strain component. For example, in a shear-beam model of a frame, 
the strain component is the relative story displacement. 
Equation (2.10a), in view of Eq. (2.lla), becomes 
k = L: 
n e 
in which 
2 "-' 
s K 
en e 
where s is the element strain in mode n. 
en 
(2.12a) 
(2.12b) 
The modal natural circular frequency, wn' could be expressed in terms 
of the element stiffnesses by relating Eqs. (2.9b) and (2.l2a). 
Under steady state conditions, the modal displacement, nn may be 
expressed in the form 
(2.13) 
where An is the modal displacement amplitude and ¢n is the modal phase angle. 
Substituting Eq. (2.13) into Eq. (2.8) and equating the coefficients 
of cos 8n and sin 8n yields the modulus and the phase angle of the modal 
transfer function as follows 
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(2. 14a) 
(2.14b) 
The displacement vector, {u}, can be obtained from Eqs. (2.7) and (2.13) 
as 
N N 
{u} = L {~n}An cos (wt + ¢n) = L {¢n}An cos en 
n=l n=l 
(2.15) 
By expanding the cos en term and rearranging the expression, Eq. (2.15), 
in component form, becomes 
k=l, 2, ... , N 
in which 
u2 
N 
(An¢kn)2 + 
N N 
= '"' L L A.A·<Pk·~k· cos (¢ . - ¢.) ....k 
n=l i=l j=l 1 J 1 J 1 J 
irj 
N 
.... A .. sin ¢n n'tkn 
n=l tan Yk 
:: 
-1. 
- A .. cos ¢n 
n::1 
n't kn 
The element straln ( can also be obtained in a similar way as 
e 
in which 
N N N 
E2 = L (A £ )2 + L L S .s .A.A. cos (¢. - ¢.) 
e n=l n en i=l j=l el eJ 1 J 1 J 
;rj 
(2. 16a) 
(2.16b) 
(2.16c) 
(2.l7a) 
(2.l7b) 
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N 
An sin ¢n L sen 
tan We = n=l N 
L A sen cos ¢ 
n=l n n 
and 
sen = [B]e[L]e{¢n} 
Figure 2.3 shows the plots of Eqs. (2.14a), (2.14b), (2.16b), 
and (2.17b), respectively, for the 2DF simple shear beam system 
in Fig. 2.1. 
2.3 Nonlinear Single Degree-of-Freedom System 
(2.17c) 
(2.18) 
The approximate solution derived by the method of equivalent lineari-
zation is summarized here. The method is well-known and has been applied 
by many authors to the study of response of nonlinear systems [6, 17]. In 
this method, an optimum linear equation of motion is substituted for the 
actual nonlinear equation of motion by the method of mean square error 
minimization. 
Consider a SDF system with softening hysteresis subjected to 
harmonic base excitation. The equation of motion is 
m~ + ci + F(x ,i } = mR cos wt ex ex ex ex (2.19) 
where xex is the relative displacement, and F(x ,x ) is the hysteretic 
ex ex 
restoring force. 
A linear equation of motion 
(2.20a) 
is substituted for Eq. (2.19). The equation deficiency or error is 
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given by 
E = c* X + k x - F' c* = c - c eq' eq 
and x is the s01ution of the substitute or equivalent linear system. 
Let the average value of a quantity over one cycle of response be 
denoted by 
To minimize the mean square error 
it is required that 
2" . E = mln 
dE E~= 0 
eq 
)dwt 
(2.20b) 
(2.21) 
(2.22a) 
(2.22b) 
(2.22c) 
Equations (2.22b) and (2.22c) in view of Eq. (2.20b) become, respec-
tively, 
2 k + xx c* = Fx x eq (2.23a) 
. -;-z Fx xx keq + x c* = (2.23b) 
For the steady state solution, xx vanishes and Eqs. (2.23a) and (2.23b) 
become, respectively, 
-2" 
keq = Fx/ x 
-. ~ 
c* = Fx/ x 
(2.24a) 
(2.24b) 
in which 
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Fx = 7fA2C(A) 
-. 2-Fx = -LU7fA S(A) 
C(A) = _1 127f F cos 8d8 
7fA 0 
- 1 f21T S(A) = rrA 0 F sin 8d8 
(2.24c) 
(2.24d) 
(2.24e) 
(2.24f) 
Equations (2.24a) and (2.24b) in view of Eqs. (2.2) and (2.24c) to 
(2.24f) become, respectively, 
k = mw2 eq eq 
= C(A) 
c 8 eg 
eq = 2mw 
eq 
= ~ 
S(A) 
2mw LU eq 
(2.25) 
(2.26) 
For a bilinear hysteretic system, Caughey [lJ derived the expressions 
- kO [( l-a J C(A) = Tr 1-a) 8* + a1T - --2-- sin 28* ; ~ > 1.0 
S(A) - (l-a) kO 2 = sin 8* 
1T 
= 0 
8* = cos - 1 (1 - ~) 
~ 
= 1T 
~ ~ 1.0 
~ > 1.0 
11 ~ 1.0 
~ > 1.0 
~ ~ 1.0 
(2.27a) 
(2.27b) 
(2.27c) 
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where a is the bilinear hardening coefficient, and 11 is the ductility 
factor defined as the ratio of maximum displacement A to yield displacement 
Xy , as shown in Fig. 2.1. 
The modulus ~ and the phase angle ~ of the nonlinear transfer function 
can be expressed in terms of wand S by using Eqs. (2.3a) and (2.3b) 
eq eq 
as follows. 
A 
R = m[(w2 
eq 
tan ~ = 
-2S w w eq eq 
2 2 
w - w eq 
1 (2.28a) 
(2.28b) 
Figure 2.4 shows plots of Eqs. (2.28a) and (2.28b) for different 
ductility factors. It was shown by Iwan [14J that the solutions are very 
accurate for moderately nonlinear systems and reasonably accurate for 
nearly-elastoplastic systems. It is evident that the effective frequency 
of the system decreases with increasing level .of response nonlinearity. 
As the ductility factor increases to large values, the effective frequency 
approaches iliwO' which corresponds to a system with stiffness akO. 
It may be noted that the equivalent linear damping obtained from 
Eq. (2.26) is frequency dependent. For response calculations in the time 
domain, a constant equivalent damping is needed. For this purpose, Eq. 
(2.26) may be approximated as 
wo S(A) 
=~---­
Weq 2C(A) 
Use of the equivalent linear damping given by Eq. (2.29) instead of 
Eq. (2.26) distorts the transfer function in Eqs. (2.28a) and (2.28b). 
The results are shown in Fig. 2.4. 
(2.29) 
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The equivalent linear frequency and damping in Eqs. (2.25) and (2.29), 
respectively, as shown in Fig. 2.5, yield the same results as the Dynamic 
Stiffness method discussed by Jennings [19J. Several other approaches to 
the equivalent linearization of an elastoplastic system were summarized 
in Ref. [19J. One of the simplest approaches is the use of the secant 
stiffness of the equivalent linear system [31, 32J. Equivalent linear 
frequency and damping as a function of ductility factor, based on this 
approach are compared in Fig. 2.5 with those of Eqs. (2.25) and (2.29). 
2.4 Nonlinear Multi Degree:of:Freedom System 
The approximate solution is derived by the same technique which was 
used for the nonlinear SDF system in Section 2.3. 
Consider a MDF system with softening hysteresis subjected to harmonic 
base motion. The equation ,of motion is 
[M]{u} + [C]{u} + {F({u} ,{u}ex)} = [M]{r} R cos wt 
ex ex ex 
where {u} is the vector of displacements relative to ground, and 
ex 
{F({u}ex' {u}ex)} is the hysteretic restoring force vector. 
The non1 inear system' is replaced by an equivalent 1 inear system 
[M]{u} + [CJ eq {u} + [K]eq {u} = [M]{r} R cos wt 
where {u} is the displacement vector of the linear system. 
Equation (2.31) is uncoupled using the mode shapes [~J of the 
equivalent linear system. Equation (2.31) then becomes 
.0 + 2S m w ne + k n = r R cos wt mnnn neq n neq n neq n neq 
(2.30) 
(2.31) 
(2.32) 
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The damping matrix of the equivalent linear system will be constructed 
so that it can be uncoupled by the equivalent linear mode shapes. 
The displacement vector, {u}, of the equivalent linear system is 
substituted into Eq. (2.30). Decomposing using the equivalent linear 
mode shapes yields 
mnnn + 2~nmnwnnn + f n + E:n = r neq R cos wt 
in which 
and fn is the modal force which is nonlinear. E:
n 
is the equation 
deficiency of mode n and is given by 
E: = c*ne + k n - f 
n n n neq n n c* = c - c n neq n 
Minimizing the modal mean square error over one cycle of response 
as in Section 2.3 yields 
The hysteretic restoring force may be put in the form 
{F} = ~ [LJ! {F}e 
e 
(2.33a) 
(2.33c) 
(2.34a) 
(2.34b) 
(2.35) 
where {F} is the element hysteretic restoring force vector of order (MX1·). 
e 
Equation (2.33b) in view of Eqs. (2.1Gb), (2.l1b), (2.1lc) and (2.13) 
becomes 
(2.36) 
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where E is the element strain for mode n which may be expressed in the en 
form of Eq. (2.l7a) as 
The numerators in Eqs. (2.34a) and (2.34b) may be rearranged as 
in which 
c 
neq 
c = ~ J2TI a cos e de 
e TIEe 0 e e e 
Equations (2.34a) and (2.34b) become, respectively, 
Een [_ N 
= L ~ C L E . A. cos (¢n-¢Jo ) 
e n e j=-l eJ J 
E N 
= cn - 1 L ~ [S L E . AJ. cos (¢n-¢J") w A e· 1 eJ e n J= 
(2.37) 
(2.38c) 
(2.38d) 
(2.40) 
For a bilinear hysteretic system, Eqs. (2.38c) and (2.38d) become, 
respectively, 
-(1 - a ) k 
" 2 Se 
e e e* 11e > 1.0 = Sln 11 e 
(2.41a) 
= 0 11 < 1.0 e -
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k 1 - a. 
C
e = 
~ [(1 
- a. ) 8* + a. 1T - e sin 28*] > 1 .0 
1T e e e 2 e 11e (2.4lb) 
= ke lle ~ 1.0 
cos-l(l 2 l-le > 1.0 8* = - -) e l-le (2.4lc) 
= 1T l-l < 1.0 e -
where a is the bilinear hardening coefficient and 11 is the element 
e e 
ductility factor defined as the ratio of maximum element relative displace-
ment to yield displacement. These expressions are identical to those given 
in Eqs. (2.27) for the SDF system. 
Equations (2.39) and (2.40) give the equivalent linear stiffness 
and damping in terms of the element properties. If these element 
equivalent linear stiffnesses are used to calculate a set of mode shapes 
[cp], then the orthogonality conditions yield 
L sen C e e 
£: . = 0 
eJ n ~ j (2.42a) 
L £: Se £: . = 0 
e en eJ 
n ~ j (2.42b) 
The damping matrix [C] can be constructed from the S values in eq e 
such a way that Eq. (2.42b) is satisfied, if the original viscous damping 
matrix [C] can be uncoupled by the equivalent linear mode shapes. 
Equations (2.39) and (2.~O) in view of Eqs. (2.42a) and (2.42b) 
become, respectively, 
k = neq L £:2 C e en e 
(2.43) 
= 
2 
mn wneq 
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c 
Bneq = 
neg 
2m n wneq · 
(2.44) 
L: 2 S 
wn e sen e 
= E.; --n w 2m
n 
wneq W neq 
Iwan [15J derived the steady state solution for a hysteretic system 
using the original elastic mode shapes as a basis. If this approach is 
taken, a significant amount of coupling between the modal responses can 
occur. Use of the equivalent linear mode shapes eliminates this coupling 
(to the degree of accuracy inherent in the approximate solution). 
As in the SDF case, the equivalent modal damping in Eq. (2.44) is 
frequency dependent. Similarly to Eq. (2.29), Eq. (2.44) may be 
approximated as 
'1 
L: L S 
wn e 
sen e 
Q 
= ~n --- (2.45) ""neq wneq 2 L: 2 C 
e 
sen e 
The equlvdle r t linear modal damping B in Eq. (2.45) is the relative 
neq 
strain energ) .Pl~~ted average of the equivalent linear damping associated 
with each strdH' f,lerient [30, 32J. 
The appro. 1·~.c tf.' nonl inear modal transfer function may be obtained by 
inserting Eqs. ::'-!3) and (2.44) in Eqs. (2.14). 
The steady state response of the 2DF bilinear system shown in Fig. 
2.1 was found by lteration. The yielding was permitted to occur only at 
the base story. The input frequency, w, was varied for a constant excita-
tion intensity, R. The linear solutions were used in the first iteration. 
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The element ductility factors were estimated using Eq. (2.l7b). The 
element ductility factors were then used to modify the mode shapes in 
Eq. (C.18). The equivalent frequency and damping in Eqs. (2.43) and 
(2.44) and the modal transfer function in Eqs. (2.14a) and (2.14b) were 
consecutively obtained. New estimates of the element ductility factors 
were then used to iterate the process until a' preset 2% convergence 
criterion on the element ductility factors was met. Figure 2.6 shows 
plots of Eqs. (2.l4a), (2.l4b), (2.l6b) and (2.17b), respectively, of 
the converged systems for different levels of constant excitation inten-
sity, R. The plots show the four different curves labeled 1, 2, 3 and 4. 
Each curve corresponds to a constant excitation level with mR/Fyl equal 
to 0, 0.13, 0.195 and 0.25, respectively. The response ductility varies 
along each curve. The maximum ductilities of the base story at resonance 
are approximately equal to 1, 3, 10 and 30, respectively. A few cycles 
of iteration were normally sufficient. More cycles of iteration were 
needed at frequencies close to resonance. It is noted that the frequency 
shift of the first mode response is quite consistent with that of the SDF 
system shown in Fig. 2.4. It is also interesting to note that as the 
response ductility increases, the amplitude of the second mode response 
decreases and its frequency shift is insignificant. This implies that 
for this particular 2DF system with yielding at the base story, the first 
mode participation increases while the second mode participation d€creases. 
The system displacements, ul and u2, and the element strains, El and E2' 
consist of increasing amounts of first mode and decreasing amounts of 
second mode response as the ductility increases. 
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Computed element strains of the 2DF bilinear system for mR/Fyl = 
0.195 are compared with the approximate results in Fig. 2.6. These were 
calculated by step-by-step numerical integration of harmonic forced 
vibration for a duration equal to 40 times the fundamental natural period 
of the system. The duration was chosen long enough to essentially eliminate 
transient effects due to zero initial conditions. The comparison is quite 
satisfactory, as shown in Fig. 2.6. 
As noted previously, the original elastic mode shapes result in a 
coupling between modes. To investigate whether the coupling is significant, 
the modal transfer functions referred to the linear mode shapes were 
calculated. 
The approximate nonlinear transfer functions may be obtained for an 
arbitrary set of mode shapes. The transformation from the equivalent 
linear mode shape basis to the arbitrary mode shape basis yields 
[A~O r = N 2 (Am r N N A. A. I I L: 1 J (¢. - ¢.) anm l If + a . a . -- cos m=l i = 1 . 1 n 1 nJ R R 1 J J= (2.46a) 
1 ~j 
N A 
I m . ¢m a If Sln 
m=l nm tan ¢n = N A 0 I a ~ cos ¢m 
m=l nm R 
(2.46b) 
in which 
(2.47a) 
(2.47b) 
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Iwan [15J derived a result similar to Eq. (2.46a). 
Figure 2.7 shows the computed responses, using the original elastic 
mode shapes, of the same system shown in Fig. 2.6. It is obvious that. 
the modal responses are now highly coupled. 
Discussion -- In a later chapter, the use of inelastic response 
spectra for earthquake response will be investigated. It is convenient 
for this purpose to make several observations here regarding the equivalent 
linear system. 
The equivalent linear stiffness and damping of the modal SDF system 
given by Eqs. (2.43) and (2.44) can be regarded as representing the 
equivalent linearization of a nonlinear SDF system. 
Let 
(2.48a) 
-S = L: c:- 2 -S-n c-en e 
e 
(2.48b) 
If C and 5 dre viewed as the parameters of a nonlinear modal SDF 
n r. 
system, the modal ductility factor and the modal hysteresis properties 
could be deterrrln~d from Eqs. (2.48a) and (2.48b). The elastic stiffness 
of the nonl inear r.1odd 1 SDF system is taken as 
(2.49) 
Note that the "elastic stiffnesses·· of the modal bilinear SDF systems 
are shifted slightly from the original elastic modal stiffnesses, since 
the modal strains of the equivalent linear system are used in the computa-
tion. 
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For a bilinear MDF system, Eqs. (2.48a) and (2.48b) in view of 
Eqs. (2.4la) to (2.4lc) and Eq. (2.49) can be put in the forms 
(1 - an) In sn = 2: 2 (1 - a ) ke se sen 
e e 
in which 
c( 11) 6* sin 26* = 1 - - + 
'IT 2 'IT 
s( 11) = sin2 6* 
6* -1 (1 2 = cos - -) 
11 
6k = (1 - a) k C(l1) = k - c 
(2.50a) 
(2. 50b) 
(2. 50c) 
(2.50d) 
(2.50e) 
(2.50f) 
where lln and an are the modal ductility and bilinear hardening,respectively. 
~k is the change in stiffness. In this form, the ductility factor and 
bilinear hardening can be separated by dividing Eq. (2.50a) by (2.50b) to 
yield a transcendental equation for 11 • 
n 
If the equivalent linear stiffness C(l1) is approximated by the secant 
stiffness, Eq. (2.50c) and Eq. (2.50d) become 
c( 11) = 1 - 1 
11 
= 4(}l-1) 
2 }l 
(2.50g) 
(2.50h) 
By dividing Eq. (2.5Qb) by Eq. (2.50a) in view of Eqs. (2.50f), (2.50g) 
and (2.50h), an explicit expression for modal ductility can be written as 
(2.51) 
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Thus modal ductility ~n is defined as a weighted average of element 
ductilities ~e. When all ~e = 1, i.e., the system is elastic, Eq. (2.51) 
degenerates to a % form. In this case, of course, the modal ductility 
~n = 1 , for a 11 modes n. 
Although Eq. (2.51) was derived using the secant stiffness approxima-
tion, it can be used with the equivalent linear stiffness expression for 
The modal bilinear hardening can then be found using ~n and Eq. 
(2.50a) or (2.50b). This removes one of the major difficulties associated 
with using nonlinear response spectra, i.e., the determination of a modal 
ductility. 
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CHAPTER 3 
CORRELATION OF STEADY STATE AND EARTHQUAKE RESPONSES 
OF A BILINEAR HYSTERETIC SYSTEM 
3.1 Introduction 
The purpose of this study is to investigate approximate methods 
of solution for MDF systems subjected to earthquake excitation. It is 
possible to obtain an equivalent linear system for transient response by 
minimizing mean square error over the duration of the motion. This can 
be done iteratively until some convergeDce criterion is met. The major 
disadvantage of this approach is that a sequence of time histories of 
response must be computed. From a practical standpoint it is necessary 
that the procedure can be carried out knowing only the maximum responses of 
the equivalent systems, i.e., using response spectra. A second alternative 
would be to develop a relationship between equivalent linear stiffness and 
maximum response, essentially using the first approach for a large number 
of earthquakes and then correlating the maximum response with the computed 
values of equivalent linear stiffness and damping. This would require a 
great deal of computational effort primarily because of the variability in 
the characteristics of recorded earthquakes. The approach which is taken 
here is to utilize the steady state harmonic response results of Chapter 2 
for earthquake response. This is done for two reasons; first, the equivalent 
linear stiffness and damping are given by relatively simple closed-form 
expressions, and second, these expressions can be easily derived for types 
of hysteresis other than bilinear. 
The steady state solution for harmonic input cannot be directly applied 
to the transient earthquake response. The most obvious reason for this is 
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that the harmonic steady state maximum response is reached at every cycle 
while the earthquake maximum response is reached only once during the 
motion. In addition, the earthquake response and input motion both start 
from rest and require some build-up time to reach "stationary" values. 
Therefore, the direct use of the maximum earthquake response in the steady 
state harmonic solution would generally overestimate the equivalent linear 
damping and frequency shift. 
The objective of this chapter is to find a pseudo-steady state harmonic 
response which gives the same effective damping and frequency shift as the 
transient response of a SDF system. This pseudo-steady state harmonic 
response is related to the maximum response by means of a correlation 
factor. The correlation factor is obtained from available analog computer 
results for bilinear SDF systems subjected to stationary Gaussian white 
noise input and to bursts of white noise and later verified using earthquake 
input. 
The first part of the chapter (Sec. 3.2) ·gives a general description 
of the computed results for SDF bilinear systems used later. These consist 
of analog computer results for Gaussian white noise input, and digital 
computer results for earthquake and pulse-like inputs. The earthquake and 
pulse-like input responses are examined in the frequency domain using 
Fourier analysis. 
In the second part of the chapter (Sec 3.3), the analog computer data 
is used first to relate the stationary rms response to the pseudo-steady 
state maximum response. Later, an approximate relation between the expected 
maximum response and the stationary rms response is developed~ using analog 
computer data and a theoretical result of Davenport [9]. This makes it 
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possible to directly correlate the expected maximum and the pseudo-steady 
state maximum responses. 
In the third part (Sec. 3.4), equivalent linear frequencies and 
damping determined from frequency decomposition of earthquake response are 
compared with those for white noise input, using the relationship between 
maximum and stationary rms responses. Then the earthquake responses of a 
number of 3DF bilinear systems decomposed into both the original elastic and 
the equivalent linear mode shapes are compared in the frequency domain with 
the approximate analytical ones. The effect of modal coupling between the 
original elastic mode shapes is discussed. 
3.2 Computed Results 
In this section the computed responses of the bilinearSDF system 
shown in Fig. 3.1 are briefly described and discussed. 
3.2.1 Analog Computer Data -- Caughey [6J applied the equivalent 
linearization technique to the random vibration of a bilinear SDF system 
subjected to statiorary Gaussian white noise. It can be shown that the 
mean square displacement and velocity of the equivalent linear system 
can be expressed in the form, 
2 So 
Ox = 4 26 3 m w 
eq eq 
(3.la) 
2 So 
0- = 2 x 4m 6eqweq 
(3.lb) 
where So is the power spectral density of the stationary Gaussian white 
noise. 
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The equivalent linear frequency, weq ' and the equivalent linear 
damping, Seq' can be calculated if the rms displacement and velocity are 
known. Brown [4J and Lutes and Takemiya [21J calculated the equivalent 
linear frequency and damping using this method by measuring the rms levels 
of displacement and velocity of bilinear SDF systems on an analog computer. 
The computed equivalent linear frequency and damping are shown in Fig. 3.2 
as a function of stationary rms ductility, ~ ,for different values of 
as 
damping, ~, and bilinear hardening, a. The term ductility as used here 
means response normalized by the yield displacement of the system. 
The equivalent linear system yields a transfer function whose modulus 
is a smooth single lobe function. The analog computer results [17J show 
a transfer function whose modulus has two lobes, one close to the linear 
frequency and the other close to the frequency of a system with stiffness 
equal to the second slope of the hysteresis loop. It is· interesting that 
the same nonlinear system under steady state harmonic excitation has a 
transfer function modulus resembling that of a linear system. The relative 
sizes of the two lobes depend on the magnitude of the response. However, 
an equivalent linear frequency and damping can still be determined by 
matching the rms displacement and velocity of the nonlinear system regard-
less of the dissimilarity of its transfer function to that of a linear 
system. 
Caughey's theoretical result [6J for equivalent linear stiffness for 
random vibration is compared with the analog computer results in Fig. 3.8. 
The expression for equivalent linear stiffness is too complicated to 
evaluate in closed form and does not agree particularly well with the 
analog results for highly nonlinear systems (i.e., systems with small 
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values of bilinear hardening, a). The method is based on the assumption 
that the response is narrow frequency banded and approximately Gaussian. 
These assumptions are not very accurate for systems with small bilinear 
hardening as shown in Fig. 3.8. It was shown by Iwan and Lutes [17J that 
for Ci = 1/21, the error of the Kryloff-Bogoliuboff method is about 25% 
maximum underprediction of velocity when stationary rms ductility ~ ~ 5 Os 
and approximately 50% maximum underprediction of displacement when ~ ~ 1. Os 
More accurate procedures have been developed subsequently. Lutes and 
Takemiya [21J developed an approximate analytical method to predict the 
stationary rms response. The method was based on a power balance between 
the exciting force and the energy dissipating elements. In view of the 
relative complexity of these theoretical approaches, it seems worthwhile 
to attempt to use the steady state results of Chapter 2, as outlined 
previously. 
The response parameter which is of greatest interest is the maximum 
or extreme value of the response during the motion. Analog computer data 
for linear and bilinear SDF systems subjected to bursts of stationary 
Gaussian white noise were presented by Lutes and Chokshi [22J and Chokshi 
and Lutes [8]. These studies presented the relation between the II zero-
start ll maximum ductility, ~z' and stationary rms ductility, ~os as a 
function of duration of excitation, Td, and system linear natural frequency, 
fo' as shown in Fig. 3.3. This relationship allows for the fact that the 
oscilator starts from rest. 
3.2.2 Earthquake Response A useful advantage achieved from the 
study of nonlinear response in the frequency domain is that the response 
behavior and the change in the frequency content as a function of ductility 
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and nonlinearity can be clearly observed. 
Two series of bilinear SDF systems with 5% of critical damping are 
subjected to 16 seconds of El Centro 1940-NS. The first series has linear 
natural frequency fo = 1.0 cps and bilinear hardening a = 0.3. The second 
has f = 0.5 cps, a = 0.5. The El Centro input is shown in Fig. D.l. 
o 
The maximum ductility ranges from 1.5 to 10. By using the digital Fast 
Fourier Transformation technique (FFT), the displacement response histories 
of these systems and the corresponding ground motions are transformed into 
the frequency domain. The displacement response is then normalized by the 
ground motion in the frequency domain yielding the so-called IInonlinear 
transfer functions 'l shown in Fig. 3.4. 
The low frequency tail of each curve in Fig. 3.4 is terminated at about 
twice the lowest significant frequency. The lowest significant frequency 
depends on the time duration used in the FFT technique. It is equal to the 
reciprocal of the time duration used. Frequency content lower than this 
frequency is considered to be insignificant due to inadequate response 
duration in the time domain. The curves are cut at twice this value to 
compensate for the spreading introduced by the Hanning smoothing in the FFT 
technique. Details of the use of the digital FFT technique are given in 
Appendix B. 
Systems with the bilinear hardening smaller than 0.3 are not considered 
in the portion of the study dealing with frequency decomposition. This is 
because of the large amount of low frequency content which arises in these 
systems for high ductilities. 
As observed from Fig. 3.4, the nonlinear transfer functions do not 
have a close similarity to a linear transfer function. The dominant low 
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and high frequency lobes of the nonlinear transfer function may be 
approximately weighted to yield a smooth single lobe equivalent linear 
transfer function. A more elaborate procedure was not justified because 
the equivalent linear frequencies and damping which were determined in 
this way are not an essential part of the procedure. Extensive calculations 
comparing maximum responses are made later to assess accuracy. The fitting 
was done by approximately weighting the two lobes of the nonlinear transfer 
function to determine resonant frequency and amplitude at resonance. At 
resonan ce, Eq. (2. 28a) becomes 
(3.2) 
in which 
(3.3) 
where the subscript res denotes the resonance. 
The equivalert linear frequency, w ,and damping, B ,are found from eq eq 
Eqs. (3.2) and \3.3) using the resonant frequency and amplitude. The 
equivalent li~edr frequency and damping versus the maximum ductility, ~z' 
are shown in F 1(;". 3.5. 
3.2.3 Pu1~.~-=_~~!_f' Excitation Response -- A number of bilinear SDF 
systems with 5. 0' crltical damping and bilinear hardening of 0.7, 0.5 and 
0.3 are subjected to the pulse-like excitation shown in Fig. 0.5 with ~O 
seconds of zero input at the end. The maximum ductility ranges from 1.5 
to 11. The computed nonlinear transfer functions are shown in Fig. 3.6. 
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The computed nonlinear transfer functions in Fig. 3.6 show the 
influence of ductility on the nonlinear response. The most significant 
effects are the shifting of the effective frequency and widening of the 
transfer function which results in an increase of the effective damping. 
In all cases, the amplitude of the nonlinear transfer function decreases 
as the ductility increases from 1.0 to about 4.0 and increases as the 
ductility increases from about 4.0 to higher values. This phenomenon is 
also observed in the nonlinear transfer function of bilinear SDF systems 
subjected to stationary Gaussian white noise excitation [17J. 
It is noted·fromthe figures that the nonlinear transfer functions 
look very different from the transfer function of a linear system and 
also very different from the nonlinear transfer function for steady state 
response in Chapter 2. Furthermore, the shape of the nonlinear transfer 
function of a bilinear system subjected to the El Centro 1940-NS motion 
is quite different from that of the same system subjected to the pulse-like 
excitation. This is, of course, expected. 
The plots of the nonlinear transfer functions show that the response 
of systems with high values of bilinear hardening is approximately narrow 
frequency banded. This is shown in Fig. 3.6a for the 1 cps system with 
bilinear hardening of 0.7 and 5% of critical damping subjected to the 
pulse-like excitation. The maximum ductility ranges from 2.2 to 9.7. As 
the nonlinearity increases (i.e., as the bilinear hardening decreases), 
the nonlinear response is not, in general, narrow frequency banded except 
in the case of very low ductility systems. Figs. 3.4, 3.6b and 3.6c show 
the responses of bilinear systems with natural frequencies of 0.5 and 1.0 
cps, bilinear hardening of 0.5 and 0.3 and 5% critical damping. The maximum 
35 
ductility ranges from 1.5 to 10.8. The nonlinear transfer functions of 
very low ductility systems show that the responses are primarily narrow 
frequency banded at a frequency close to the linear natural frequency with 
a small amount of low frequency content close to the second slope natural 
frequency. The response of such systems in the time domain is close to 
linear response with a small amount of low frequency drifting. As the 
ductility increases, the low frequency content becomes larger while the 
high frequency content becomes smaller. The total response is no longer 
narrow frequency banded. The response of such systems in the time domain 
contains large low frequency drifting together with high frequency 
oscillations. 
3.3 Correlation Factor 
In this section, a correlation factor is obtained which relates the 
maximum response to a pseudo-steady state maximum. The steady state solu-
tions of Chapter 2 for equivalent linear frequency and damping can then be 
applied when the system is subjected to earthquake input. 
Consider a steady state response as shown schematically in Fig. 3.7. 
The steady state rms and maximum ductilities are related by 
where ~A and ~ are the steady state maximum and rms ductilities, 
°A 
respectively. 
Now, consider a zero-mean stationary narrow band Gaussian process 
(3.4) 
as shown schematically in Fig. 3.7. The peaks have a Rayleigh probability 
distribution. The stationary rms ductility and the stationary rms peak 
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ductility are related by 
~ = 121-1 
s a 
(3.5) 
s 
where ~s and ~as are the stationary rms peak ductility and the stationary 
rms ductility, respectively. 
Since the peak response varies from cycle to cycle when the input has 
a broad band frequency content, it might be thought that a good measure of 
lIaverage peak response ll would be the rms value of the peaks. The similarity 
of Eq. (3.4) for harmonic input and Eq. (3.5) for random input suggests that 
a pseudo-steady state maximum ductility might be defined as 
(3.6) 
where * denotes the pseudo-steady state value. 
* The pseudo-steady state maximum ductility lJA is substituted into Eqs. 
(2.25), (2.27) and (2.29). The equivalent linear stiffness and damping are 
compared in Fig. 3.8 with those obtained via the Kryloff-Bogoliuboff 
method [4]. 
It is observed from the shapes of the curves of equivalent linear 
damping versus tne rms ductility that a single expression for all values 
of bilinear hardpnlng. at cannot give a reasonable match with the analog 
computer data. In order to be on the conservative side and to agree with 
the analog computer data in Fig. 3.2 in the range of practical interest, 
i.e., 1-1 ~ 1-3, the equivalent linear damping in Eq. (2.29) is reduced 
as 
by a factor RF which is taken as ~ for bilinear systems. The reduced 
equivalent linear damping for a = 1/2 and 1/21 versus the stationary rms 
response ductility is shown in Fig. 3.8. 
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For linear or slightly nonlinear systems, the pseudo-steady state 
maximum given by Eq. (3.6) is adequate. As the nonlinearity becomes higher 
(ora becomes smaller), the expression in Eq. (3.6) has to be modified. 
Figure 3.8 shows that different correlation factors are required for the 
equivalent linear frequency and damping. The correlation factor required 
for the equivalent linear frequency is sensitive to the degree of non-
linearity (i.e., the bilinear hardening) while the correlation factor for 
the equivalent linear damping is not. It is interesting that the correlation 
factors are quite insensitive to ductility. 
The modifications to Eq. (3.6) which are necessary for low values of 
bilinear hardening were determined as follows. From the analog computer 
data in Fig. 3.2, each value of the equivalent linear frequency and damping 
is associated with a corresponding stationary rms ductility, ~ . Equations 
Os 
(2.25), (2.27) and (2.29) were used to determine the pseudo-steady state 
* maximu~ ductility factors, ~A and * ~A ' which give the same equivalent 
0** F linear frequency and damping. The ratios of ~ /~A and ~ /~A were then 
Os 0 Os 0 
plotted for each value of bilinear hardening as shown in Figs. 3.9 and 3.10. 
A single best-fit value of each ratio was then determined for each value of 
* a as shown in Figs. 3.9 and 3.10. Figure 3.11 shows these values of ~o /~A 
* s F 
and ~o /~A as a function of bilinear hardening, a, on a log-log scale. 
s 0 
These relations can be expressed in the form 
110 
1 0.2 s 
--r- = l2 a (3.7a) 
11A 
F 
~o 
1 s 
-r- - /2 (3.7b) 
~A 
0 
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Equations (3.7a) and (3.7b) relate the stationary rms ductility and 
* the pseudo-steady state maximum ductilities. ~A is used to calculate 
* F 
equivalent linear frequency, and ~A is used to calculate equivalent linear 
D 
damping, given the stationary rms ductility. 
It is now necessary to obtain a relation between stationary rms 
ductility and the expected maximum response s6 that the equivalent linear 
frequency and damping can be calculated from maximum response. The term 
"zero-start expected maximum ll response is used to denote the average over 
a very large number of response histories of the maximum response of a 
system which starts from rest. The ratio of zero-start expected maximum 
response to the stationary rms response from the analog computer data 
described in Section 3.2.1 is shown in Fig. 3.3. This ratio can be quite 
well represented by the single expression 
~z (3.8) 
where ~ is the zero-start expected maximum ductility factor. The form of 
z 
the relation was suggested by the theoretical result of Davenport [9J. 
It appears to be sufficiently accurate for all values of bilinear hardening, 
ductility, and viscous damping. 
Equation (3.8) applies to a bilinear SDF system with short duration of 
excitation (foTd less than about 10) and is plotted in Fig. 3.3. For larger 
values of foTd' Chokshi and Lutes [8] assumed that the maximum response has 
a Gumbel probability distribution and derived an expression for the ratio 
in Eq. (3.8). For foTd between 10 and 40, their result and Eq. (3.8) yield 
approximately the same value. Equation(3.8) is used in this study. 
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Substitution of Eq. (3.8) into Eqs. (3.7a) and (3.7b) yields 
* 1 l1A = l1z 0.0.2 Iln(foTd) F 
(3.9a) 
* 1 l1A = ~z 
0 Iln(foTd) 
(3.9b) 
Figure 3.12 shows plots of Eqs. (3.9). 
Equations (3.9a) and (3.9b) provide the means for calculating equivalent 
linear frequency and damping from the maximum response. Given the maximum 
* * response 11 , the pseudo-steady state maxima l1A and l1A are used to calculate 
z F 0 
equivalent linear frequency and damping, respectively, from the steady-state 
relations. 
Equations (2.25) and (2.29), in view of Eqs. (3.9a) and (3.9b) and the 
application of the reduction factor RF, become respectively 
k 2 =1TK.ll 
eq eq 
- * 
= C{~A ) 
F 
(3.10) 
- * 
Wo S(~A ) 
Beq RF 
0 
= ~- -
- * Weq 2C(~A ) 
0 
(3.11) 
Equations (2.43) and (2.45), in view of Eqs. (3.9a) and (3.9b) and the 
application of the reduction factor RF, become respectively 
(3.12) 
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(3.13) 
3.4 Earthquake Response in the Frequency Domain 
The correlation factor developed in Section 3.3 was obtained using data 
for response to white noise input. In this section a comparison is first 
made of this data with that for SDF systems subjected to earthquake input. 
A series of 3DF system responses is then examined in the frequency 
domain to compare computed responses with analytically "predicted" ones. 
The analytically "predicted" responses are obtained using (1) the maximum 
ductilities computed from a numerical step-by-step integration, (2) the 
correlation factors given in Eqs. (3.9), and (3) the procedure developed 
in Chapter 2 for steady state harmonic response of MDF systems. Of course, 
the numerically computed maximum ductilities are not normally available. 
In a practical situation one must begin with a linear solution, or some 
other initial guess, and iterate. This is dealt with in the following 
chapter. 
3.4.1 SDF Systems -- The equivalent linear frequency and damping of 
the SDF systems subjected to earthquake input as described in Section 3.2.2 
are compared with those of the SDF systems subjected to stationary Gaussian 
white noise as described in Section 3.2.1. This is done by transforming 
the scale of maximum response ~ to rms ductility by using Eq. (3.8). 
z 
The earthquake data, which was not used in the development of the correla-
tion factor, agrees well with the white noise data as shown in Fig. 3.13. 
An extensive series of computations was done for SDF systems to evaluate 
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the accuracy of the approximate procedure. These comparisons are discussed 
in Chapter 5 and Appendix E. 
3.4.2 3DF Systems -- A number of bilinear 3DF shear-beam systems 
with mass and stiffness arrangements defined in Tables 5.2 and 5.3 and 
with 2% modal damping for all modes were studied. The bilinear hardening 
is 0.3 for all stories, and the yield levels are arranged to give three 
different general ranges of story ductility factor. All the systems were 
subjected to El Centro 1940-NS and analyzed by step-by-step numerical 
integration. The displacements of the masses relative to the ground were 
decomposed into normal mode coordinates by using both the elastic and the 
equivalent linear mode shapes. 
The nonlinear modal displacement transfer functions shown in Figs. 
3.l4a, 3.l5a, 3.16a and 3.17a were obtained by performing a frequency 
decomposition using the FFT technique on the modal displacements and 
ground acceleration as described in Section 3.2.2. 
Figure 3.l4a shows the nonlinear modal transfer functions of the 
uniform systems in which yielding was permitted to occur only at the base 
story. The base story ductility ranged from 2 to 14 while the other stories 
remained elastic. The elastic mode shapes were used in the modal response 
decomposition. It is noted that the modal response is significantly 
coupled. 
Figure 3.l5a shows the nonlinear modal transfer functions of the same 
systems when the equivalent linear mode shapes were used in the modal response 
decomposition. The cross coupled response in this case is much reduced 
compared to that in Fig. 3.l4a. Note that the analytically determined 
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equivalent linear stiffnesses are used to determine the equivalent linear 
mode shapes into which the numerically computed responses are decomposed. 
Figure 3.l6a shows the nonlinear modal transfer function of the 
uniform system where yielding was permitted in all stories, and was 
relatively uniform throughout the system. The largest ductility for any 
story ranged from 2 to 15. The equivalent linear mode shapes were used in 
the modal response decomposition. The frequency shift of the systems in 
Fig. 3.16a is greater than that of the systems in Fig. 3.l5a. Yielding 
in all stories is expected to produce a greater frequency shift than the 
same amount of yielding in a single story. 
Figure 3.17a shows the nonlinear modal transfer functions of the 
systems with nonuniform stiffness arrangement. Higher mode participation 
is greater in these systems than in the uniform systems. The equivalent 
linear mode shapes still uncouple the response to a satisfactory degree. 
In all cases shown in Figs. 3.l4a, 3.15a, 3.16a and 3.l7a, the higher 
mode response in the frequency domain tends to be jagged. This may be 
partially due to numerical sensitivity in using the FFT technique. However, 
the overall behavior of the modal transfer functions in Figs. 3.15a, 3.16a 
and 3.17a is quite similar to those of SDF systems subjected to the same 
earthquake input and shown in Fig. 3.4a. Thus it appears that the modal 
transfer function of a nonlinear MDF system (in the equivalent linear normal 
mode coordinates) can be approximated by that of a nonlinear SDF system. 
This nonlinear SDF system has properties (stiffness, mass, yield level) 
which are determined as weighted averages of the properties of the nonlinear 
members making up the original MDF system, as discussed in Chapter 2. 
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Figures 3.l4b, 3.l5b, 3.l6b and 3.17b also show the analytical 
modal transfer functions determined using the steady-state solutions in 
Chapter 2, together with the pseudo-steady state maximum responses 
described previously. Figures 3.18 to 3.21 show a more detailed comparison 
of the computed and analytical nonlinear modal transfer functions of the 
3DF systems for several ductility levels. Despite the irregularity of 
the numerically computed responses, the general trends of frequency shift 
and spreading with increasing ductility are reasonably well predicted. 
The disadvantage of using the elastic mode shapes in modal response 
decomposition is obvious from a comparison of Figs. 3.18 and 3.19. 
CHAPTER 4 
APPROXIMATE MODAL ANALYSIS PROCEDURES FOR MDF SYSTEMS 
USING ELASTIC AND INELASTIC RESPONSE SPECTRA 
4.1 Introduction 
The objective of this chapter is to summarize and present numerical 
examples of the two procedures for approximate modal analysis of nonlinear 
MDF structures: (1) equivalent linear modal analysis using elastic 
response spectra and (2) equivalent nonlinear modal analysis using 
inelastic response spectra. The equivalent linear approach considers 
the change of mode shapes, effective frequencies, and increase in damping 
due to hysteresis. The equivalent nonlinear approach considers the change 
of mode shapes and superposes a series of modal SDF systems which are 
nonlinear. The modal hysteresis p~rameters and ductilities are found by 
appropriately weighting the contributions of each structural element. 
The proposed procedures are iterative ones, in which the first step 
is the determination of elastic mode shapes and frequencies. Two or three 
cycles of iteration are normally sufficient. Very little computational 
effort beyond the initial determination of elastic mode shapes and 
frequencies is required. 
Approximate modal analysis using design response spectra modified to 
account for inelastic behavior was first proposed by Newmark and Hall [27]. 
Several recent studies have investigated this concept [1,23]. The general 
approach of these studies was to design a series of structures using elastic 
modal analysis and a smoothed response spectrum corresponding to a selected 
design ductility. The structures were then subjected to earthquake motions 
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approximately equivalent to the design spectrum. The responses computed 
by step-by-step numerical integration were compared with assumed design 
values. It was found that elastic modal analysis tended to smooth out 
patterns of yielding in the structure and was unable to adequately predict 
large local variations of yielding. Secondly, member response ductilities 
were often considerably above the ductility level implied by the inelastic 
spectrum. 
The approximate modal analysis method using inelastic response spectra 
proposed in this study addresses both of these difficulties. Use of mode 
shapes, different from the elastic mode shapes, which reflect yielding in 
the structure should give better results when yielding is nonuniform. Modal 
ductility, defined as weighted average of member ductilities, is used for 
each mode of vibration. Thus, the ductilities used in the inelastic response 
spectrum are directly related to member ductilities. 
4.2 Summary of Approximate Modal Analysis Procedures 
In this section, the procedures for both the elastic and inelastic 
response spectrum approaches are outlined in a step-by-step format, and 
numerical examples of both procedures are given for a 3DF shear beam system. 
Both procedures are iterative, beginning with an elastic modal 
analysis, and both take into account the change in mode shapes due to 
inelastic behavior. To avoid solving a new eigenvalue problem at each 
cycle of iteration, a perturbation method is used which determines fir~t 
or second order changes in mode shapes as a function of stiffness changes 
in the structural elements. 
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4.2.1 Perturbation Method for Approximate Determination of 
Equivalent Linear Mode Shapes 
A simple perturbation method is outlined in Appendix C for approxi-
mately determining the equivalent linear mode shapes from the elastic mode 
shapes as a function of stiffness "modification" due to inelastic behavior. 
These approximate mode shapes are termed "mod·ified mode shapes" in this 
study to distinguish them from the equivalent linear mode shapes. 
Once the modified mode shapes are determined, the equivalent linear 
frequencies are estimated with excellent accuracy using the Rayleigh 
quotient. This gives better accuracy than using the perturbation expansion 
of the same order as used for the modified mode shapes, and is consistent 
with Eq. (2.43). 
Often the first order perturbation is sufficient for determining the 
modified mode shapes, since the shapes change very little if the yielding 
is fairly uniform throughout the structure. 
Details of the perturbation method are given in Appendix C, which 
contains a series of comparisons from which the accuracy of the perturbation 
method can be judged. 
4.2.2 MDF Equivalent Linear System - Elastic Response Spectrum 
1. Determine elastic mode shapes and modal frequencies from the 
eigenvalue problem. At this step, the equivalent linear modal frequencies 
and damping and modified mode shapes are estimated as the elastic values. 
2. Determine maximum modal displacements using elastic response 
spectra. Estimate element maximum strains (relative displacements) using 
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the usual RSS(l) or 1/2(RSS +ABS(2)) rules for combining the maximum modal 
strains. The element maximum strains are then normalized by the element 
yield strains to obtain element ductilities, ~ . 
ze 
* 3. Determine the element pseudo-steady state ductilities, ~Ae and 
* F ~Ae ' from Eqs. (3.9) or Fig. 3.l2~ where a
e 
is element bilinear hardening. 
D 
The frequency fO is taken as the system fundamental elastic frequency in 
cps, and Td is earthquake duration in seconds. 
- * 4. Determine the element equivalent linear stiffness C(~A ) from 
eF 
Eqs. (2.41b) and (2.41c) or Fig. 2.5, where k is element elastic stiffness. 
e 
- * C(~Ae ) is then used as the element stiffness to determine the modified 
F 
mode shapes from Eq. (C.18), in which 6E
nk represents a strain energy change 
and is given by Eq. (C.17). The superscript (0) denotes the elastic values, 
Wn is the modal natural circular frequency, ~en is the element strain in 
mode n, and M is the number of modes considered in the modal analysis. 
Eq. (C.18) gives the first-order expression for the modified mode 
shapes. If greater accuracy is required because of localized yielding in 
the structure, the second-order expressions given in Eq. (C.21) can be used. 
The modified mode shapes obtained are then normalized with respect to 
the mass matrix and the participation factors are recomputed. 
5. The equivalent linear modal frequencies are determined from the 
Rayleigh quotient expression in Eq. (2.43), in which the element modal 
strains E are computed from the modified mode shapes. 
en 
2 
m w 
n neq 
(1) RSS denotes the square root of the squares of the modal maximum responses. 
(2) ABS denotes the sum of the absolute values of modal maximum responses. 
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The equivalent linear modal damping is determined from Eq. (2.45). 
where C and S are determined from Eqs. (2.4la) to (2.4lc) or Fig. 2.8. 
The modal mass mn = 1 if the modified mode shapes are normalized. RF is 
taken as 1/12 for bilinear hysteresis, and ~ is the modal viscous damping. 
n 
6. Repeat steps 2 to 5 using updated frequencies and damping until 
some preset convergence criterion on the maximum element ductilities is met. 
7. Compute final values of structural responses desired. 
Numerical example - A 3DF undamped bilinear system with uniform mass and 
stiffness distributions as shown below is subjected to 16 seconds of El 
Centro 1940-NS with 2 seconds of zero input at the end. 
Element 
3 
2 
Step 1 
OF Mass, me 
(kip-in 2/sec) 
3 1 .0 
"" 1 . 0 .. 
1.0 
Stiffness, ke 
(kip/in) 
199.5 
199.5 
199.5 
Determination of elastic mode shapes 
~ 
tin) 
O. 15 
0.25 
0.3 
0.3 
0.3 
0.3 
Exact rel. disp. 
( in) 
1 .04 (1-1z = 6.90) 
1. 53(1-1
z 
= 6.10) 
1.77(11
z 
= 5.89) 
and modal frequencies. 
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1 
Natural frequencies, fn (cps) 1 .0 
Participation factors, fn 1.656 
Element e 
Mode shape matrix, ~en 1 0.32799 
2 0.59101 
3 0.73698 
Step 2 Estimation of element ductilities, ~ . 
e 
Mode n 
2 3 
2.803 4.051 
0.474 0.182 
0.73698 0.59101 
0.32799 -0.73698 
-0.59101 0.32799 
At this first cycle of iteration, ~z are determined from elastic 
e 
element maximum strains (relative displacements). 
Element maximum strain (in) 
Element ductilities 
1 
4.73 
15.65 
E1 ement e 
2 
3.45 
13.80 
3 
2.11 
14.08 
Step 3 Determination of element pseudo-steady state ductilities, * ~Ae 
and * F llAe . 
D Element e 
1 2 3 
* 11 .96 10.54 10.76 ~Ae 
* F 9.40 8.29 8.46 PAeo 
Step 4 Determination of modified mode shapes. 
Element e 
1 2 3 
C(l1AeF) 65.4 66.5 66.3 
k - C (11* ) 
e e AeF 
134. 1 133.0 133.2 
Mode n 
Element e 1 2 3 
(0) 
sen 1 0.32799 0.73698 0.51901 
2 0.26302 0.40899 1.32799 
3 0.14597 0.91900 1 .06497 
<Pen,eff 
(1st-order) 
rn,eff 
E 
en,eff 
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Mode n 
1 
2 
3 
Element e 
1 
2 
3 
1 
2 
3 
1 
-26.47 
-65.59 
-89.99 
1 
0.3296 
0.5910 
0.7363 
1.66 
0.3296 
0.2614 
O. 1453 
Mode k 
2 3 
-65.59 -89.99 
-207.58 -261.01 
-261 .01 -421.75 
Mode n 
2 3 
0.7379 0.5906 
0.3260 -0.7373 
-0.5909 0.3279 
0.48 O. 18 
0.7379 0.5906 
0.4119 1.3279 
0.9169 1.0652 
Step 5 Determination of the equivalent linear modal frequencies and damping. 
Element e 
1 2 3 
C(llAe ) 67.8 69.3 69.1 
D 
S( llAe ) -16.9 -18.8 -18.5 
D 
Mode n 
1 
2 _ 13. 1 f 1eq = 0.57 cps; f31eq = 0 + ~ 5 ;i~\6J = 0.09 mlWl eq - , 
2 102.3, f 2eq 1 .61 cps; 
_ 1 I: 27 .95 l-m ~ - = S2eq - 0 + 112 _2 x 106. ~ - 0.09 2 eq-2 
3 2 1 [60.04 l m3W3eq = 215.4, f3eq = 2.34 cps; S3eq = 0 + 12 f_2 x 224.:[1 = 0.09 
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Step 6 Estimation of element ductilities, ~ . 
ze 
Maximum modal displacements 
1st mode n1max = 4.5 in. , rlnlmax = 1.66 x 4.5 = 7.5 
2nd mode n2max = 2.5 in. , r 2n2max = 0.48 x 2.5 = 1.2 
3rd mode n3max = 0.1 in. , r3n3 = 0.18 x 0.1 = 0.2 max 
in. 
in. 
in. 
x3 (RSS) =!(0.1453x7.5)2+(0.9169x1.2)2+(1.0652XO.2)2 = 1.6 in. 
max 
(ABS) = (0.1453x7.5) + (0.9169xl.2) + (1.0652xO.2) = 2.4 in. 
x2 (RSS) = /(0.2614 x 7.5)2 + (0.4119 x 1.2)2 + (1.3279 x 0.2)2 = 2.0 in. max 
(ABS) = (0.2614x7.5) + (0.4119x 1.2) + (1.3279xO.2) = 2.7 in. 
xl (RSS) =!(0.3296x7.5)2+(0.7379xl.2)2+(0.5906XO.2)2 = 2.6 in. 
max 
(ABS) = (0.3296 x 7.5) + (0.7379 x 1.2) + (0.5906 x 0.2) = 3.5 in. 
El emen t, e Exact, in. Linear, in. 1 s t c~c 1 e (RSS), 
3 1. 04 (w = 6.90) 2. 11 (~ = 14.08) 1 .6 (~= 10.7) 
2 1. !: 3 = 6.10) 3.45 = 13.80) 2.0 = 8.0) 
1.77 = 5.89) 4.73 = 15.65) 2.6 = 8.7) 
The undamped elastic response was used as the starting point for the 
iteration procedure. A much better staring point would be the elastic 
response with, say, 5% modal damping. Additional cycles of iteration 
(not shown) greatly improve the results. 
In the example, yielding was so uniform that the mode shapes changed 
in. 
very little. Often, however, the change in mode shapes is quite significant. 
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4.2.3 MDF Equivalent Nonlinear System ~ Inelastic Response Spectrum 
1. Determine elastic mode shapes and frequencies from the eigenvalue 
problem. At this step, the modal ductilities are unity and the modified 
mode shapes and natural frequencies are estimated as the linear values. 
2. Determine maximum modal displacements using inelastic response 
spectra as shown in Fig. 4.1S 1) For the first' iteration the modal ductili-
ties are all unity, which corresponds to an elastic response spectrum. 
Estimate element maximum strains (relative displacements) using the RSS 
or 1/2(RSS+ABS) rules for combining the maximum modal strains. The element 
maximum strains are then normalized by the corresponding element yield 
strains to obtain maximum element ductilities, ~ . 
ze 
~Ae 
D 
3. Determine the element pseudo-steady state ductilities, ~*A and 
eF 
from Eqs. (3.9) or Fig. 3.12, where ae is element bilinear hardening. 
The frequency of fO is taken as the system fundamental elastic frequency 
in cps, and Td is the earthquake duration in seconds. 
4. Determine the element equivalent linear stiffness C(~Ae ) from 
F 
Eqs. (2.41b) and (2.41c), where ke is element elastic stiffness. 
C(~Ae ) is then used as the element stiffness to determine the 
F 
modified mode shapes from Eq. (C.18), in which ~Enk represents a strain 
energy change and is shown in Eq. (C.17), the superscript (0) denotes 
the elastic values, wn is the modal natural circular frequencies, sen 
is the element strain in mode n, and M is the number of modes considered 
(l)The inelastic response spectra shown in Fig. 4.1 are a form of the 
deformation spectra proposed by Veletsos, Newmark and Chelapati [20]. 
They were constructed in the frequency range of interest for use in 
this study. Details may be found in Ref. [20]. 
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in the modal analysis. 
Equation (C.18) gives the first-order expression for the modified 
mode shapes. If greater accuracy is required because of localized yielding 
in the structure, the second-order expressions given in Eq. (C.2l) can be 
used. 
The modified mode shapes obtained are then normalized with respect 
to the mass matrix, and the participation factors are recomputed. 
5. Determine the modal frequencies from Eq. (2.51). 
Determine the modal ductilities, ~ ,and the modal bilinear hardening, 
zn 
an' from Eqs. (2.52a) and (2.52b). 
(l-ae) k s(~*A ) e eO 
in which C and 5 are given in Eqs. (2.50c) to (2.50e) and Fig. 2.8. 
The right-hand sides of the two expressions shown above are known 
numerical values. ~ince the expression for ~ln contains a in Eq. (3.9b), 
F 
an cannot be eliminated to give a single expression for ~n' 
By first assuming a to be an average value of a '~*A and ~*A are 
n e nF nO 
determined from these two expressions and from Eqs. (2.50c) to (2.50e) or 
from Fig. 2.8. The modal ductilities, ~ ,are obtained simultaneously 
zn 
from Eqs. (3.9a) and (3.9b), where fO is taken as the modal frequency as 
in Eq. (2.49). The ~ values obtained from ~*A and ~*A are usually 
zn eF eO 
very close for relatively uniform yielding, and the average value can 
normally be used. If the two values do not agree closely enough, an can 
be determined from the second of the equations using the average ~z ' 
n 
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and the process repeated. If the secant stiffness method is used, an 
and ~n may be determined directly from the explicit expressions given in 
Eqs. (2.51) and (2. 50a). 
6. Use the modified modal frequencies, modal bilinear hardening, an' 
and modal ductility, ~z ' from step 5 and the effective mode shapes from 
n 
step 4 to repeat the procedures from step 2 tb 5 until some preset conver-
gence criterion on the element maximum ductilities is met. 
7. Compute final values of structural responses desired. 
Numerical Example - Consider the 3DF undamped bilinear system in Section 
4.2.2. 
Step Determination of elastic mode shapes and modal frequencies -
same as step 1 in section 4.2.2. 
Step 2 Estimation of maximum element ductilities - same as step 2 
in section 4.2.2. 
Step 3 Determination of element pseudo-steady state ductilities, 
~Ae and ~Ae - same as step 3 in section 4.2.2. 
F D 
Step 4 Determination of modified mode shapes - same as step 4 in 
section 4.2.2. 
Step 5 Determination of modified modal frequencies, modal ductilities, 
~z ' and the modal bilinear hardening, an· 
n 
Modified modal frequencies: 
1st mode: kl = m1w~ = (0.3296)2 x 199.5 + (0.2614)2 x 199.5 + (0.1453)2 x 199.5 
= 39.5 
f _ = 1 . n rn, 
'I ,.- -r--
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- 2 2 )2 2nd mode: k2 =m2w2 =(0.7379) x199.5+(0.4119) x199.5+(0.9169 x199.5 
= 310.2 
f2 = 2.8 cps 
3rd mode: - 2 2 2 k3 = m3w3 = (0.5906) x 199.5 + (1 .3279) x 199.5 + (1 .0652) x 199.5 
= 647.7 
f 3 = 4. 1 cps 
Modal ductilities and modal bilinear hardening: 
Assuming a1 = a2 = a3 = 0.3 
1st mode: 
2nd mode: 
(1-0.3) x 39.5 c(~A ) = (1-0.3) x 37.8 nF 
c(~An ) = 0.957 
F 
llAn = 11.3, ~ = 14.8 F zn 
(1-0.3) x 39.5 s( llA ) 
nO 
= (1-0.3) x 15.76 
s( llAn ) = 0.40 
0 
* ]JAn = 8.9, ]J = 14.8 0 zn 
. use a 1 = 0.3, ~ = 14.8 .. zn 
(1-0.3) x 310.2 c(~A ) = (1-0.3) x 296.5 nF 
c(~A ) = 0.956 nF 
* = 11.1, ~ = 17.0 ~An F zn 
(1-0.3) x 310.2 s(~A ) 
nO 
= (1-0.3) x 125.2 
S(~An ) = 0.40 
0 
* = 8.9, ~ = 17.3 ~An 0 zn 
:. use a 2 = 0.3, ~z = 17.2 
n 
3rd mode: 
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(1-0.3) x 647.7 c(~*A ) = (1-0.3) x 617.6 
. nF 
(1-0.3) 
c(~*A ) = 0.954 nF 
* = 10.8, ~ ~An F 
x 647. 7 s( ~An ) = (1-0.3) 
D 
s( ~An ) = 0.42 
0 
= 
zn 
17.4 
x 269.5 
* = 8.4 ~z = 17.2 ~An 0 n 
:. use a3 = 0.3, ~ = 17.3 zn 
Step 6 Estimation of element ductilities, ~z . 
e 
Enter the inelastic spectra in Fig. 4.1 with a and ~ to determine 
n n 
the maximum modal displacements. Then determine and combine maximum modal 
strains in the usual way. 
1st mode: a l = 0.3, ~1 = 14.8, n1,max = 4.1 in. , f 1n1,max = 6.8 in. 
2nd mode: Ci2 = 0.3, ~2 = 17.2, n2,max = 2.5 in. , r n = 1 .2 in. 2 2,max 
3rd mode: Ci3 = 0.3, ~ = 17.3, n3,max = 1 .3 in. , r3n3,max = 0.2 in. 3 
x3 a (RSS) =/(0.1453x6.8)2+(0.9169x1.2)2+(1.0652xO.2)2 = 1.5 in. 
,In x 
(ABS) = (0.1453 6.8)·+ (0.9169 x 1.2) + (1.0652 x 0.2) = 2.3 in. 
x2,max(RSS) = /(0.2614 x 6.8)2 + (0.4119 x 1.2)2 + (1.3279 x 0.2)2 = 1.9 in. 
(ABS) = (0.2614 x 6.8) + (0.4119 x 1.2) + (1.3279 x 0.2) = 2.5 in. 
xl ( RS S) = / ( 0 . 3296 x 6 . 8) 2 + (0. 7379 xl. 2 ) 2 + (1 . 3279 x O. 2 ) 2 = 2. 4 in. 
,max 
(ABS) = (0.3296x6.8) + (0.7379x1.2) + (1.3279xO.2) = 3.4 in. 
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Element, e Exact, in. Linear, in. 1 s t c~c 1 e (RSS), in. 
3 1.04 (ll = 6.90) 2. 11 (ll = 14.08) 1 .5 (ll = 10.0) 
2 1.58 ( = 6.10) 3.45 = 13.08) 1 .9 = 7.6) 
1 1.77 ( = 5.89) 4.73 = 15.65) 2.4 ( = 8.0) 
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CHAPTER 5 
RESULTS OF ANALYTICAL STUDIES 
5.1 Introduction 
In this chapter, extensive comparisons are made between maximum 
responses calculated by lIexact ll numerical step-by-step integration and 
maximum responses predicted by the two approximate modal analysis procedures 
outlined in Chapter 4. 
The Newmark Beta-Method [25J was used with S = 1/6 and a time step of 
0.02 seconds to obtain the numerically integrated Ilexact ll responses. 
The comparisons are made for a series of 1, 3 and 10 story bilinear 
shear beam structures with various combinations of structural properties 
(stiffness, strength, viscous damping). Four different earthquakes and 
several levels of earthquake intensity relative to the structure strength 
were considered. 
In addition to the comparisons of maximum responses, response histories 
are also shown for a few 3DF systems. 
5.2 Single Degree-of-Freedom Systems 
The "exact" responses of a number of bilinear SDF systems are compared 
with those of the corresponding equivalent linear systems. Several compari-
sons are made using one and three cycles of iteration beginning with the 
linear responses. These approximate responses are found to differ little 
from those computed using the best initial IIguess ll possible, i.e., the 
exact maximum displacements. To make it possible to study a wider range 
of parameters, the exact maximum displacement rather than the linear 
response is then used as the initial estimate in subsequent parameter 
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studies. Selected results are presented and discussed in this chapter. 
Appendix E contains the complete results of the study on SDF systems. 
5.2.1 Earthquakes and System Parameters -- Calculations were made 
for SD~ systems covering the frequency range from 0.25 to 11 cps. The 
parameters which were varied are as follows. 
Earthquake Excitations -- The El Centro 1940-NS, Taft 1952-N21E, 
Olympia 1949-N04W and Pacoima 1971-S16E with 16 seconds duration followed 
by 2 seconds of zero excitation at the end were used. All earthquakes were 
normalized to yield 0.35 g maximum ground acceleration. 
System Parameters -- The SDF systems are simple spring mass systems 
with viscous dash~ot and bilinear hysteresis, as shown in Fig. 3.1. System 
parameters which were varied are 
(a) Natural frequency - 33 values ranging from 0.25 to 11 cps 
(b) Bilinear hardening - 4 values a = 0.01,0.05,0.10,0.30 
(c) Viscous damping 2 values ~ = 0.02, 0.05 
(d) Yleld lr~el 4 series of systems were proportioned 
to rrojJce four different general levels of response ductility 
wi~h t~~ cuctility roughly constant for each series. The yield 
strpn~t~~ cf these systems are shown as a function of natural 
freQ~~~(J In Fig. 5.1. The target ductilities were: levell, 
~ 1·3. !('vel 2, 1-1 :::: 2-5; level 3, 1-1 :~ 3-8; level 4, 1-1 :::: 5-20. 
5.2.2 Results -- Selected results for SDF systems are shown in FlgS. 
5.2 to 5.7. In some of the figures maximum and rms values of relative 
displacement and velocity response are shown on logarithmic scales. 
Results are also shown on arithmetic scales with displacements normalized 
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by yield displacement Xy and with velocity normalized by WOXy' where Wo 
is the elastic circular frequency. The effects of various parameters on 
the accuracy of response prediction using the equivalent linear system 
is discussed in the following paragraphs. 
(a) Effect of Initial Guess and Number of Iterations -- Figs. 5.2 
to 5.7 show responses for the Level 2 (target'ductility range 2-5) series 
of bilinear systems. System parameters a = 0.10, ~ = 0.02 are held 
constant. 
Figures 5.2 to 5.4 show the responses to the El Centro excitation. 
In these figures, results are compared for 1 and 3 cycles of iteration 
beginning with linear response, and 1 cycle beginning with the exact 
response. Figures 5.5 to 5.7 give similar results for the Olympia 
excitation. 
In all cases, agreement with the exact values is satisfactory. The 
results do not vary drastically with number of cycles of iteration, or 
with the initial guess. 
It is interesting to compare Figs. 5.5 and 5.6 for the Olympia N04W 
excitation. In this particular case, 3 cycles of iteration gives less 
accurate responses in the 4-7 cps f~equency range than 1 cycle of iteration. 
In view of these results, the exact response previously computed by 
step-by-step numerical integration is used as the initial "guess ll in most 
of the subsequent calculations and only one cycle of iteration is carried 
out. This reduces the amount of computation required, since the exact 
value is needed for comparison in any case, and allows study of a wider 
range of parameters. 
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(b) Effect of System Relative Strength -- The effect on accuracy 
of the system strengths relative to that of the earthquake excitation is 
shown in Figs. 5.8a to 5.8c. The relative strength is measured by response 
ductility. The relative displacement response spectra are shown for the 
Level 2 (target ~ ~ 2-5) and level 4 (target ~ ~ 5-20) series, subjected 
to the El Centro NS excitation. Three combinations of bilinear hardening 
and viscous damping (a = 0.3, ~ = 0.02), (a = o. 10, ~ = 0.02), (a = 0.05, 
~ = 0.05) are considered. 
As expected the accuracy of the equivalent linear system improves as 
the bilinear hardening increases, and as the response ductility increases, 
because in both cases the bilinear system begins to behave like a linear 
system. This behavior was observed in the frequency decomposition of 
responses discussed in Chapter 3. The greatest inaccuracy occurs in the 
high frequency range when the ductility is moderate, approximately 
2-3. 
(c) Effect of Viscous Damping -- Response spectra for the Level 2 
series subjected to the El Centro NS excitation are shown in Figs. 5.9a 
and 5.9b. Normalized maximum displacements are shown on an arithmetic 
scale for 2% and 5% viscous damping. 
The viscous damping consistently reduces maximum response as expected 
and does not appear to influence the accuracy of the response prediction 
by the equivalent linear system. 
(d) Effect of Earthquake Excitation Characteristics -- Norma1izeo 
displacement response spectra are shown in Figs. 5.l0a to 5.l0c for the 
Level 2 series subjected to four different earthquake excitations. Bilinear 
hardening a = 0.10 and viscous damping ~ = 0.02 were held constant. 
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Figures 5. lOa to 5.10c individually compare responses of Taft N21E, 
Olympia N04W and Pacoima S16E to the response of El Centro NS. All 
earthquake acceleration records were normalized to 0.35 g maximum 
acceleration. 
The response of a given system is obviously highly dependent on the 
earthquake input. This is true even for a linear system. However, the 
overall agreement between equivalent linear and nonlinear exact response 
for each earthquake seems to be quite good, and more importantly, not 
dependent on the particular excitation chosen. In certain frequency 
intervals, however, accuracy is quite sensitive to the excitation. In 
general, the poorest accuracy is in the medium to high frequency region, 
between about 2 and 7 cps as expected. 
(e) Effect of Bilinear Hardening -- Normalized displacement response 
spectra as shown in Figs. 5.lla to 5.l1c for the Level 2 series with 5% 
damping subjected to the El Centro input. Results for values of bilinear 
hardening of 0.10, 0.05 and 0.01 are individually compared to results for 
a = 0.30 in Figs. 5.11a to 5.1lc. 
As observed in scme of the previous comparisons, the accuracy of the 
equivalent linear system decreases as the system approaches elastoplastic. 
When a = 0.01 as shown in Fig. 5.llc, the method is quite conservative in 
the high frequency range, giving response ductilities 100% too high in 
extreme cases. This trend is expected from the study of frequency content 
of the responses discussed in Chapter 3. As pointed out there, for 
nearly elastoplastic systems and moderate ductilities, the "non linear 
transfer function" is far from that of a linear system. It has two 
pronounced peaks, one near the elastic natural frequency and the second 
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near the elastic natural frequency of a system with stiffness equal to 
the second slope of the hysteresis loop. 
5.2.3 Summary -- The results presented for the SDF systems show 
several clear trends: (1) The equivalent linear system accurately predicts 
maximum displacement responses over a wide range of conditions. (2) The 
procedure is not particularly sensitive to the initial estimate, or the 
number of iterations performed. It appears that the linear response is an 
adequate initial guess. (3) The accuracy predictably deteriorates under 
certain circumstances. When the system approaches the elastoplastic case, 
or when the bilinear hardening is small and the ductility is moderate (say 
2-3), maximum displacements tend to be overestimated in the high frequency 
region (2-7 cps) by as much as 100% in isolated cases. (4) Initial viscous 
damping and variability of earthquake excitation appear to have little 
overall influence on accuracy, although in specific frequency ranges, 
characteristics of the excitation can greatly influence accuracy. 
5.3 Three Degree-of-Freedom Systems 
The two approximate methods of modal analysis were used to calculate 
the maximum responses of a variety of 3DF shear beam structures. The 
approximate results are compared with exact responses computed by the 
step-by-step numerical integration. Several combinations of earthquake 
excitations and structural properties were used. 
Two different rules are used for combining maximum modal responses: 
the usual Root-Sum-Square (RSS) method and an average of the Root-Sum-
Square and Absolute Sum (1/2(RSS + ASS)) methods [26J. 
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5.3.1 Earthquake and System Parameters -- The parameters which were 
varied in the numerical calculations are detailed in the following sections. 
Earthquake inputs -- Four earthquake excitations (El Centro NS, Taft 
N21E, Olympia N04W and Pacoima S16E) were used as described in Section 
5.2.1. 
System parameters -- Two series of 3DF systems were designed: (1) a 
uniform mass and stiffness arrangement, and (2) a nonuniform mass and stiff-
ness arrangement. The fundamental frequencies of both series were fixed at 
1 cps, and viscous damping was zero. 
The nonuniform system was proportioned to reduce the separation of 
modal frequencies and increase higher mode participation factors as compared 
to the uniform system. 
Mass and stiffness distributions and resulting frequencies and mode 
shapes are shown for the two series of systems in Tables 5.2 and 5.3. 
For each series the system parameters which were varied are 
(a) Bilinear Hardening -- three values a = 0.05, 0.10, 0.30. 
(b) Yielding Level -- three different general levels of yield 
displacements as listed in Tables 5.2 and 5.3. The target 
ductilities were Level 1, ~ ~ 2; Level 2, ~ ~ 6; and Level 3, 
~ ~ 15. 
5.3.2 Results -- The results are shown in Figs. 5.12 to 5.20 for 
the uniform systems and Figs. 5.21 to 5.29 for the nonuniform systems. 
The results are presented in the form of plots of ductility versus 
story number, and comparisons are made between the exact responses and 
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those determined using 1 cycle of the approximate methods beginning with 
the exact solution. In some cases, as noted on the Figures, 1 cycle of 
the equivalent linear method are used beginning with the linear solution. 
To eliminate errors associated with interpolating values from a 
response spectrum, the individual modal SDF responses for the equivalent 
linear systems were actually determined by numerical integration. This 
was done to isolate the errors inherent in the approximate modal analysis 
procedures. 
The numerical results are grouped so that a single figure shows 
responses of one system (bilinear hardening, yield level constant) to all 
four earthquake excitations, and compares the two rules for combining 
modal responses (RSS and 1/2(RSS + ASS)). Results for the nine possible 
combinations of yield level (1, 2, 3) and bilinear hardening (0.3,0.1, 
0.05) are given in separate figures in Figs. 5.12 to 5.20 for uniform 
systems, and Figs. 5.27 to 5.35 for nonuniform systems. 
1. Uniform Systems -- Figures 5.12 to 5.20 show the results for the 
uniform systems. The maximum ductilities are also tabulated in Tables 
5.5a to 5.5d. Generally speaking, the errors in the approximate methods 
are in the range of 10-35% (RSS rUle). The influence of the various 
parameters on accuracy of the approximate methods is discussed below. 
(a) Effect of System Relative Strength (Yield Level) -- The equivalent 
linear and equivalent nonlinear methods yield accurate predictions for low 
ductilities. Errors are in the range of 5-20% (RSS rule), depending on 
the bilinear hardening. For moderate and high ductilities, the errors 
(RSS rule) in the equivalent linear method tend to be somewhat greater. 
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Some improvement in accuracy is achieved by the equivalent nonlinear 
method. 
The larger errors associated with the equivalent linear approach for 
moderate ductility systems may be explained in terms of the differences 
noted in Chapter 3 between the exact nonlinear modal transfer functions 
and the transfer function of a linear system.' The equivalent nonlinear 
modal transfer function reduces this difference and improves the response 
prediction. 
(b) Effect of Earthquake Excitation Characteristics -- Although the 
nonlinear response of a particular system is very sensitive to characteris-
tics of earthquake excitation, the accuracy of the approximate modal 
analysis methods does not appear to be sensitive to excitation. Somewhat 
larger errors are associated with the Taft N21E excitation than the other 
three excitations, but the overall accuracy is satisfactory. 
(c) Effect of Hardening -- The approximate response predictions are 
relatively good with errors about 5-20% (RSS rule) for a = 0.3. The accuracy 
tends to decrease as the bilinear hardening becomes smaller with the errors 
increasing to about 10-30% (RSS rule) for a = 0.1 and 0.05. 
Displacement response histories were constructed for several cases by 
superimposing the modal response histories. Figures 5.21 to 5.26 show the 
response histories for the uniform system with bilinear hardening a = 0.3, 
and the three different yield levels, subjected to the El Centro NS and 
the Taft N21E. In these figures, the exact response is compared with that 
of the equivalent linear system and with the response of the original system 
with 4% viscous damping in each mode. 
The much better match of response history by the eq~ivalent linear 
system than by the 4% damped linear system is evident from the figures. 
67 
These figures illustrated that the frequency shift is an important aspect 
of the nonlinear response, and that simply increasing the viscous damping 
to compensate for inelastic behavior as has been suggested for SDF systems 
[lOJ may not be satisfactory. 
2. Nonuniform Systems -- Comparisons of exact and approximate responses 
are shown in Figs. 5.27 to 5.35 and tabulated in Tables 5.7a to 5.7d. Since 
the natural frequencies of the nonuniform 3DF systems are not well separated 
as those of the uniform systems to begin with, and yielding tends to increase 
modal coupling, it may be more reasonable to combine modal maxima using the 
1/2(RSS + ASS) rule. The elastic natural frequencies and mode shapes of 
the nonuniform system are shown in Table 5.3. 
The accuracy of the approximate procedures is similar to that reported 
for uniform systems. It is noted that the estimated responses of the light 
substructures in the nonuniform system are very conservative when the 
distribution of the story ductilities is very highly nonuniform. Despite 
this, the overall errors are about 5-40% (1/2(RSS + ASS)) depending on 
earthquake excitations and system parameters. As before, larger errors 
are associated with small bilinear hardening, moderate ductilities, and 
the Taft N21E excitation. In the results presented in this portion of 
the study, the equivalent linear and equivalent nonlinear responses were 
obtained using only one cycle of iteration starting from the exact non-
linear responses. 
It is also interesting to note the equivalent linear responses using 
one cycle of iteration starting from the linear responses for both the 
uniform and nonuniform systems. The approximate responses obtained in 
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this fashion are acceptable for uniform systems in which the distribution 
of the story ductilities is relatively uniform. As the story ductilities 
become highly nonuniform, one cycle of iteration on the linear response 
is not acceptable. The differences in story strains between the exact and 
the approximate system are relatively large. It is recommended that more 
cycles of iteration be used for highly nonuniform systems. 
5.3.3 Summary -- The trends shown in Figs. 5.12 to 5.20 and Figs. 
5.27 to 5.35 are consistent with the results for SDF systems. The approxi-
mate methods give good results, with accuracy tending to deteriorate when 
the bilinear hardening is small and the ductilities are moderate. One 
cycle of iteration beginning with the linear solution may give adequate 
estimates of response when the yielding is relatively uniform. Additional 
cycles of iteration are required when the yielding is localized. 
5.4 Ten Degree-of-Freedom Systems 
Approximate and exact responses of a series of three 10DF tapered 
systems are presented in this section. 
The masses and stiffnesses are each reduced by 5% per story to give 
a uniformly tapered system. The fundamental frequency was set at 1.0 cps, 
and viscous damping was taken as zero. The distribution of yield level 
with height was chosen to give reasonably uniform story ductilities in 
the range of 4 to 10. Mass, stiffness and yield levels are shown in Table 
5.7. Elastic natural frequencies, mode shapes, and participation factors 
are also shown. 
Two parameters were varied in the response calculations reported in 
this section as follows. 
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5.4.1 Earthquakes and System Parameters --
Earthquake Excitations -- Four normalized earthquake excitations 
(El Centro NS, Taft N21E, Olympia N04W, and Pacoima S16E) were used as 
described in section 5.2.1. 
System parameters -- Three values of bilinear hardening (0.30,0.10, 
0.05) were used. All other system properties were held constant. 
5.4.2 Results -- In the computation of the approximate modal responses, 
only the first three modes were included, and maximum modal responses were 
combined using both the RSS and 1/2(RSS + ABS) rules. The.comparison of 
the approximate responses with the exact responses are shown in Figs. 5.36 
to 5.38 and tabulated in Tables 5.8a to 5.8d. 
Errors in the approximate responses using the RSS rule are in the 
range of 10-40%, depending on the earthquake and bilinear hardening. 
The accuracy is consistent with that of the 3DF systems. As with the 
3DF systems, the accuracy of the approximate modal analysis procedures 
is poorer for the Taft N21E excitation than for the other earthquakes. 
This is probably due to the fact that the fundamental frequency of the 
various 3DF and 10DF systems was set at 1.0 cps. If one examines the SDF 
results in Fig. 5.10, it is apparent that near a frequency of 1.0 cps, 
the peculiarities of the Taft N21E input are such that the equivalent 
linearization is the least accurate among the four earthquakes used. 
5.4.3 Summary -- Dependence of accuracy on the magnitude of bilinear 
hardening is similar to that for SDF and 3DF systems. The equivalent 
nonlinear approach appears to give consistently better results than the 
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equivalent linear approach in the limited number of 10DF cases considered. 
The RSS rule for combining modal maxima is generally more accurate than the 
1/2(RSS + ABS) rule. This trend may be dependent on the relatively uniform 
yielding patterns in the particular systems studied. 
While some smoothing out of yielding patterns does occur in the 
approximate procedures, the predicted responses seem fairly well able to 
follow ductility variations from story to story. It must be pointed out 
that large local variations of yielding did not occur in the systems 
studied, and that the prediction of story ductilities, which is all that 
the shear beam model allows, is not a severe test of the approximate 
procedures. Nevertheless, it seems that the equivalent nonlinear approach 
which incorporates mode shape changes and a modal ductility which reflects 
member ductilities, holds promise for being able to adequately handle 
flexible girder systems. 
6.1 Summary 
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CHAPTER 6 
SUMMARY AND CONCLUSIONS 
Two approxi~ate modal analysis procedures for nonlinear MDF systems 
were examined and evaluated: (1) equivalent linear modal analysis using 
elastic response spectra, and (2) equivalent nonlinear modal analysis 
using inelastic response spectra. 
In the first portion of the study, the approximate steady state 
solutions for nonlinear SDF and MDF systems subjected to harmonic base 
excitation were derived by the method of equivalent linearization. 
Bilinear SDF and MOF shear beam systems subjected to harmonic excitation 
have both been studied previously by other authors. However, the approxi-
mate solution for MOF systems was presented from a slightly different 
viewpoint in thlS study. This led naturally to the use of the mode shapes 
of the equivalent 1inear system for modal decomposition. Study of response 
to this simple r-c'tat;on provided insight into the behavior of bilinear 
hysteretic Syst~~i. and allowed a logical development of the nonlinear 
modal analys'~ ~rQ:pdure, of which an essential ingredient was the 
definition of 'r-n~dl ductility" given in Eq. (2.51). 
The baS1C a~;rOdch which was used for earthquake response was to 
relate the trar;<,ler.t mdximum response to a IIpseudo-steady state" maximum 
response, and then to apply the closed form steady state expressions for' 
frequency shift and damping. Both modal analysis procedures are iterative, 
and use a perturbation method to successively modify the original elastic 
mode shapes at each iterative step to reflect yielding in the system. 
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Numerical comparisons between approximate and exact responses were 
presented for a large number of 1-, 3- and lO-OF bilinear shear beam 
systems. Four earthquake inputs (El Centro 1940-NS, Taft 1952-N21E, 
Olympia 1949-N04W, and Pacoima 1971-S16E) were used, and several 
structural stiffness and strength parameters were varied. 
6.2 Conclusions 
It is felt that the most important contribution of this study is 
the introduction of the definition of modal ductility and modification 
of mode shapes into the conventional inelastic response spectrum-modal 
analysis procedure. Although further study is required before any general 
conclusions can be drawn, these two new features appear capable of substan-
tially improving the accuracy of the inelastic response spectrum approach 
for MOF systems. 
In addition, based on the numerical results for shear beam systems, 
the following conclusions were drawn: 
1. The nonlinear transfer function (defined in the frequency domain 
as the ratio of output to input) of a SOF bilinear system under harmonic 
excitation has a single peak similar to that of a linear system. Under 
white noise, earthquake or pulse~like excitation, it has two peaks, with 
one peak close to the linear frequency, wo' and the other close to the 
frequency of a system with stiffness equal to the second slope of the 
hysteresis loop, 0iwO [17J. The relative magnitude of these two peaks 
depends on the response ductility, and the separation of the peaks depends 
on the bilinear hardening a. Thus the similarity of the nonlinear transfer 
function of a bilinear SOF system to that of a linear system depends on 
response ductility and bilinear hardening. 
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2. The equivalent linear system approach predicts maximum responses 
of SDF systems to earthquake excitation with good accuracy over a wide 
range of conditions. Accuracy tends to deteriorate in the frequency range 
between about 2 and 7 cps when the second slope of the bilinear hysteresis 
loop approaches zero and when response ductilities are in the range 2-3, 
approximately. These trends can be understood in relation to the behavior 
of the transfer function noted above. In specific small frequency intervals, 
accuracy of the approximate procedure is very sensitive to the earthquake 
input. 
3. The accuracy of the approximate modal analysis procedures for 
MDF systems is comparable to that of the equivalent linear approach for 
SDF systems, with the same deterioration of accuracy for small values of 
bilinear hardening and moderate values of ductility in the range 5-10. 
Maximum story displacements are generally predicted within about 10-40% 
accuracy, for the 3DF and 10DF systems studied. The equivalent nonlinear 
approach using inelastic response spectra appears to give generally better 
accuracy than the equivalent linear approach using elastic response spectra. 
4. The equivalent linear mode shapes uncouple the nonlinear equations 
of motion to a much greater degree and yield more accurate approximations 
than do the original elastic mode shapes. Such modified mode shapes appear 
capable of predicting moderate variations in yielding levels through the 
structure. One cycle of iteration, beginning with the linear solution 
and using just first order modifications of the elastic mode shapes, often 
gives satisfactory results. In some nonuniform systems, in which the 
variation of yielding patterns is substantial, additional cycles of 
iteration are recommended to improve accuracy. 
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5. The RSS rule for combining the maximum modal responses yields 
better response predictions for systems with well separated natural 
frequencies, and low nonlinearity and ductility levels while the 1/2(RSS+ 
ABS) rule yields better response predictions for systems with closely 
spaced natural frequencies, and high nonlinearity levels (i.e., nearly 
elastoplastic) and high ductility levels. 
6.3 Recommendations for Further Study 
The approximate modal analysis procedures have been extensively 
evaluated only for bilinear shear beam systems. The shear beam structural 
idealization is not particularly realistic, yet its simplicity made it the 
logical first step, and also made it economically possible to consider a 
wide range of parameters within a reasonable computational cost. 
It would now be useful to extend the methods to other types of 
hysteretic behavior and structural configurations, such as frames with 
flexible girders and shear walls. Such structures would provide a much 
more severe test of the approximate methods than the shear beam systems 
considered in tnlS study. 
The developt"',ent of approximate modal analysis procedures beginning 
with harmonic exc1tdtion and paralleling the development in this study, 
for structures composed of structural elements with more than one component 
of strain may present some difficulties since the definition of an element 
"ductility" is no longer a straightforward matter. Despite this, efforts 
should be made to carefully develop such procedures from a logical basis. 
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TABLE 5.1 EARTHQUAKES AND SYSTEM PARAMETERS USED IN SDF SYSTEMS 
1 and 3 cycles of iteration starting from the linear response 
0.3 
0.02 
0.05 
0.1 
E(1,33) 
0(1 ,33) 
0.05 0.01 
1 cycle of iteration starting from the exact nonlinear response 
~ 0.3 
C.02 
0.05 
E(n l ,n2): 
T(n l ,n 2): 
0(n1 ,n 2): 
P(n1,n2): 
E(4,33) 
E(4,33) 
El Centro NS 
Taft N21E 
Olympia N04W 
Pacoima S16E 
0.1 0.05 
E(4,33), T(4,33) 
0(4,33), P(4,33) 
E(4,33) E(4,33) 
( 16 seconds) 
(1 € seconds) 
( 16 seconds) 
(16 seconds) 
nl : Number of ductility levels varied 
0.01 
E(4,33) 
n2= Number of natural frequencies for each ductility level 
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TABLE 5.2 UNIFORM 3DF SYSTEM PARAMETERS 
m· k. Yield displacements 1 1 Story~ i (kip-sec2/in) Level 1 Level 2 Level 3 (kips/in) (in) (; n) (in) 
1 1 .0 199.5 0.9 0.3 0.18 
2 1.0 199.5 0.7 0.25 0.13 
3 1.0 199.5 0.45 o. 15 0.09 
fn (cps) 
Mode shapes 
Mode, n rn Story 1 2 3 
1 1 .0 1 .656 0.32799 0.59101 0.73698 
2 2.803 0.474 0.73698 0.32799 -0.59101 
3 4.051 o. 182 0.59101 -0.73698 0.32799 
TABLE 5.3 NONUNIFORM 3DF SYSTEM PARAMETERS 
m· k. Yield displacements Story, 1 1 
(kip-sec2/in) Level 1 Level 2 Level 3 (kips/in) (in) (in) (in) 
3.0 388.0 1 .0 0.35 0.2 
2 2.0 388.0 0.65 0.2 o. 12 
3 1 .0 77.6 2.0 0.6 0.33 
Mode, n fn (cps) 
Mode shapes 
rn Stor~ 1 2 3 
1 1.0 2.166 0.22017 0.37320 0.75896 
2 1.749 1.074 0.33411 0.35634 -0.64112 
3 3.218 0.395 0.41621 -0.48347 0.11324 
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TABLE 5.4 EARTHQUAKES AND SYSTEM PARAMETERS USED IN 3DF SYSTEMS 
(UNIFORM AND NONUNIFORM SYSTEMS)* 
cycle of iteration starting from the exact nonlinear response 
Method ~ 0.3 O. 1 0.05 
Eq. Linear Undamped E(3,1), T(3,1) E(3,1), T(3,1) E(3,1), T(3,1) 
0(3,1), P(3,1) 0(3,1), P(3,1) 0(3,1), P(3,1) 
Eq. Nonlinear Undamped E(3,1) E(3,1) E(3,1) 
1 cycle of iteration starting from the linear response 
Method 
Eq. Linear 
0.3 0.1 0.05 
E(3,1), T(3,1) E(3,1), T(3~1) E(3,1), T(3,1) 
Undamped 0(3,1), P(3,1) 0(3,1), P(3,1) 0(3,1), P(3,1) 
* See symbols in Table 5.1. 
TABLE 5.5a COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED UNIFORM SYSTEMS 
EL CENTRO NS (16 SECONDS) 
STOFlY LINEAR a=0.3 ALL (APPROX/EXACT) a=O.l ALL (APPROX/EXACT) u=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ. LINEAR EQ.NONLINEAR NON EQ.LINEAR EC).NONLINEAR 
DM1P ING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+HSS RSS ABS+RSS LINEAR RSS ABS+RSS I:SS ABS+HSS 
2 2 2 2 2 2 
1 3.50 2.07 1. 04 1. 14 1.06 1. 16 2.17 .88 1.04 .96 1.07 2.23 1.01 1.20 .98 1. 10 
2 3.37 2.53 1.01 1.09 1.03 1. 11 2.98 .81 .93 .92 1.01 3.61 .84 .98 .85 .94 
3 3.08 2.66 .96 1. 16 .97 1. 11 2.47 1. 04 1. 31 .96 1. 18 2.54 1. 19 1. 52 .98 1. 21 
, 10.51 5.89 1. 10 1.28 .98 1. 14 7.48 1.20 1. 33 1.00 1. 12 8.96 .79 .90 1. 01 1. 12 
2 9.44 6.10 1.00 1. 15 .90 1.04 5.48 1.45 1. 64 1. 19 1. 36 6.22 1. 02 1.20 1.29 1. 44 
3 9.23 6.91 1. 21 1. 52 1.04 1. 31 7.97 1.17 1.48 1.08 1. 36 6.79 1.09 1.42 1. 30 1. 61 
1 17.51 14.32 1 .. 02 1. 19 .92 1.08 13.58 1.05 1. 21 1.20 1.38 15.34 .80 .92 .90 1.02 
2 18.15 16.45 .98 1. 15 .88 1.02 21. 19 .77 .91 .87 1. 01 15.77 .86 1.02 .97 1. 13 
3 15·39 13.37 1. 31 1.66 1.21 1. 53 16.94 .95 1.24 1.09 1. 41 8.72 1. 45 1. 88 1.59 2.04 
ex> 
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TABLE 5.5b COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED UNIFORM SYSTEMS 
TAFT N21E (16 SECONDS) 
STOFtY LINEAR a=0.3 ALL (APPROX/EXACT) u=0.1 ALL (APPROX/EXACT) u=0.05 ALL (APPROX/EXACT) 
NO .. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLI~EAR 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+HSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 2 2 
2.58 3.03 .86 .94 3.58 .84 .92 3.85 .65 .74 
2 2.92 2.51 .95 1.04 2.44 .96 1. 07 3.61 .69 .80 
3 3.58 3.30 .83 1.01 2.92 .90 1. 11 3.30 .7'7 .98 
1 1.14 8.98 1.02 1. 14 9.96 .65 .16 10. 11 .69 .80 
2 8.16 10.14 .88 .99 8.14 .13 .88 6.40 .95 1. 14 
3 10.73 12.15 .82 1. 03 6.71 1.06 1.37 6.29 1. 21 1.56 
1 12.90 15.53 1. 11 1.27 13.44 .86 1. 00 15.91 .82 .96 
2 15.70 21.12 .90 1.04 18.88 .67 .81 14.77 .96 1. 15 
3 17.88 22.06 .90 1. 14 14.23 .99 1.29 9.73 1. 54 1. 99 
TABLE 5.5e COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED UNIFORM SYSTEMS 
OLYMPIA NOQW (16 SECONDS) 
STOHY LINEAR 11 ~ 0 3 Aa (APPflOXlEXACT) 
NO. (liJ WlDAL w;'-{ f~ UHU YO. ,"VSLl!-lEA R 
Df.'~PI.i".:l t!'lf",1 "'-; AV.'~'3 ,,~ If'~ .• P::;:; 
2 
1 ~ ,~: i ,., , , .. 
2 2.H .:" , r I 1 In 
3 2.8') ~ ,,, . • I , . , . 2~) 
1 9.2'1 7. 30 1. 111 1. .78 
2 6.83 6.20 1. 24 1. 42 
3 8.55 7.58 1. 15 1. 47 
1 15.49 19.83 .94 1. 08 
'2 13.13 22.27 .93 1. 08 
3 14.24 19.22 1.08 1. 38 
a:O.l ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT) 
NON EQ .LINEAR EQ.NONLtNEAR NON EO.LINEAR EO. NONLINEAR 
L !NEAR :lSS ABS.RSS RSS ABS+tlSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 
2.16 1. 10 1.22 2.03 1. 2Q 1. 38 
2.18 1. 14 1. 24 2.54 1. 26 1. 36 
3.62 .95 1. 18 4.32 .95 1. 18 
9.29 1. 05 1. 15 9.99 1. 05 1. 16 
5.93 1. 42 1.58 3·73 2.01 2.21 
6.51 1. 37 1. 70 6.32 1.58 1.97 
20.29 .81 .99 19.00 .84 .91 
23.93 .81 .94 11.20 1.00 1. 18 
17 .92 1.07 1. 37 6.74 2.30 2.95 
TABLE 5.5d COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED UNIFORM SYSTEMS 
PACOIMA S16E (16 SECONDS) 
STOHY LINEAR a=0.3 ALL (APPROX/EXACT) a=0.1 ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT~ 
NO. (4 % MODAL NON EO. LINEAR EO. NONLINEAR NON EO.LINEAR EO.NONLINEAR NON EO. LINEAR EO. NONLINEAfl 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 2 2 
1 2.30 2.12 .92 l.00 2.76 .93 1. 00 2.15 .92 .99 
2 2.25 2.16 .93 1.02 2.91 .95 1.04 2.99 .93 1. 01 
3 2.04 2.03 .96 1. 15 2.05 .89 1.01 2.35 .69 1.06 
1 6.89 8.59 .96 1. 02 9.06 .78 .87 10.73 .74 .84 
2 6.31 8.98 .89 .96 5.18 1.05 1. 18 4.24 1.41 1. 60 
3 6.11 9.52 .82 .91 5.03 1.22 1. 51 5.15 1. 33 1. 65 
1 11.49 15.498 1.00 1.01 15.42 .84 .96 17.31 .16 .84 
2 12.14 18.65 .94 1. 01 15.15 .90 1.03 11.28 .83 .98 
3 10. 19 16.91 .85 1.00 11. 61 1.21 1. 53 8.57 1. 62 2.28 
ex> 
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TABLE 5.6a COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED NONUNIFORM SYSTEMS 
EL CENTRO NS (16 SECONDS) 
STORY LINEAR a=0.3 ALL (APPROX/EXACT) a=0.1 ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR ~Q.NONLINEAR 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+HSS 
2 2 2 2 2 2 
1 3.10 2.39 .86 1. 04 .89 1.07 2.58 .82 1.00 .84 .99 3.06 .81 .97 .88 1.04 
2 2.88 2.10 .86 .97 .87 989 2.13 .77 .88 .84 1.09 2.06 .88 1.04 .94 1.04 
3 2.94 2.44 .89 1.09 .93 1. 14 2.19 .95 1. 16 .85 1.04 2.14 .90 1. 12 .88 1.0'{ 
1 8.86 6.33 .86 1.20 .81 1.201 1.51 1.07 1.424 .88 1.102 8.52 .86 1 . 101 1.00 1. 315 
2 9.37 6.44 .97 1. 14 .86 1.00 6.83 1.09 1.42 1.09 1.25 7.23 1. 12 1.30 1.29 1.47 
3 9.79 5.86 1. 13 1. 40 1. 10 1. 36 3.53 1. 36 1. 72 1.44 1.80 2.98 1. 75 2.20 1.89 2.34 
1 15.51 13.86 .93 1. 16 .87 1.09 16.82 .78 1.93 .83 .99 16.53 .74 .89 .88 1.03 
2 15.62 15.98 • .go 1.08 .81 .98 20.70 .73 .84 .79 .92 11.73 1.10 1.26 1.34 1. 51 
3 17.80 16.95 1.00 1.25 .96 1. 19 7.09 1.80 2.26 1.92 2.38 4.93 2.38 2.97 2.59 3.21 
00 
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TABLE 5.6b COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED NONUNIFORM SYSTEMS 
TAFT N21E (16 SECONDS) 
STORY LINEAR a=0.3 ALL (APPROX/EXACT) a=0.1 ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 2 2 
1 2.03 2.65 .91 1,.09 3·19 .87 1.03 3.48 .74 .88 
2 2.36 2.73 .86 .96 3·08 .85 .97 3.70 .71 .82 
3 2.11 2.09 1.03 1.27 2.06 .93 1.15 2.25 .80 1.00 
1 5.79 8.64 .86 1. 03 10.18 .67 .81 10.86 .65 .80 
2 7.66 10.36 .85 .96 12.36 .64 .77 9.85 .77 .94 
3 7.03 6.65 1.20 1.48 2.71 1. 74 2.17 2.69 2.06 2.53 
1 10.14 15.57 .92 1.10 15.92 .67 .84 16.62 .75 .93 
2 12.16 18.23 .86 .99 19.81 .59 .71 14.38 .92 1. 09 
3 12.18 16.58 1.06 1. 31 6.12 2.00 2.51 4.23 2.91 3.82 
TABLE 5.6c COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED NONUNIFORM SYSTEMS 
OLYMPIA N04W (16 SECONDS) 
STORY LINEAR 0=0.3 ALL (APPROX/EXACT) 0=0.1 ALL (APPROX/EXACT) 0=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR 
DAI1PING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 2 2 
1 2.77 2.78 .98 1. 16 3.09 .82 .96 3.11 .97 1. 13 
2 2.68 1. 97 1. 14 1.29 1.82 .95 1. 14 1. 78 1. 13 1. 35 
3 3.22 2.18 .96 1.11 2.15 .81 1. 01 2.26 .98 1.22 
1 7.91 5.70 1.07 1.29 7.19 1. 12 1.32 1.92 1. 30 1. 41 
2 8.72 7.94 .99 1.15 6.96 1. 30 1. 46 6.04 1. 57 1. 78 
3 10.72 5.28 1. 30 1. 61 5.55 1.26 1.56 3.11 2.16 2.69 
1 13.85 14.81 1.00 1. 21 21.86 .81 .95 21. 87 .91 .96 
2 14.53 11.58 .95 1. 10 16.62 1. 14 1.22 13.59 1. 35 1. 57 
3 19.48 15.75 1.16 1. 43 8.02 1. 36 1. 83 4.02 2.60 3.56 
co 
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TABLE 5.6d COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
3DF UNDAMPED NONUNIFORM SYSTEMS 
PACOIMA S16W (16 SECONDS) 
STORY LINEAR 0=0.3 ALL (APPROX/EXACT) 0=0.1 ALL (APPROX/EXACT) 0=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+R3S RSS ABS+RSS 
2 2 2 2 2 2 
1 1.89 2.19 .89 .95 3.30 .86 .91 3.53 .81 .87 
2 1.94 2.60 .92 1. 02 2.51 .90 .99 2.75 .85 .95 
3 1. 63 1. 12 .93 1. 10 1.03 .49 .62 1. 14 .43 .52 
1 5.41 7.31 .88 1.02 6.08 .99 1. 19 6.79 .99 1. 20 
2 6.30 8.61 .89 .98 9.47 .77 .88 8.50 .91 1. 05 
3 5.43 6.89 1.05 1.27 3.23 1.63 2.02· 3.24 1. 84 2.29 
1 9.47 12.84 1. 01 1. 20 15.08 .78 .98 18.28 .86 .91" 
2 10.49 15.88 .89 .99 16.21 .79 .91 12.l.!6 1. 18 1. 36 
3 9.87 18.06 .90 1. 10 5.65 2.12 2.62 3·37 2.84 3.88 
TABLE 5.7 TAPERED lODF SYSTEM 
m1 k f I Yf.l d Of so lacement. 
Story. i (kip-q'c?'/1n) (kir/in) If'vf.'l l 
--'~ .. ~.--- ... --- t . __ ._._ .. _-- .-.-. 
1 1 (i I ).H f)! 0.1 S 
2 O,9~ 1 1.' I', .7 0.14 
3 O. riO 17(}6.4 0.13 
4 O.A~ 11 P.6.6 0.12 
5 0.80 1116.8 0.11 
6 0.75 1047.0 0.10 
7 0.70 977 .2 0.09 
8 0.65 907.4 0.08 
9 0.60 837.6 0.07 
10 i 0.55 767.8 0.06 
Mode, n fn (cps) rn Story l 2 
Mode Shapes 
3 4 5 6 
1 1.0 2.491 .07040 .14251 .21432 .28393 .34937 .40823 
2 2.652 0.965 .18948 .34993 .44548 .45228 .36506 .19397 
3 4.301 0.565 .29562 .44402 .35548 .06483 -.28001 -.49160 
4 5.866 0.386 .37584 .38649 .00075 -.40846 -.42093 .00267 
5 7.304 0.280 .42308 .19648 -.35562 -.37208 .20692 .49150 
6 8.:582 0.208 .43311 -.06050 -.49853 .12972 .45705 -.20915 
7 9.669 0.153 .40515 -.29588 -.21015 .46890 -.12676 -.40465 
8 10.541 0.109 .34195 -.42915 .18034 .22561 -.47961 .37563 
9 11 .179 0.071 .24994 -.41677 .43422 -.28957 .02873 .25994 
10 11 .572 0.038 .14224 -.27506 .38404 -.45805 .49036 -.47888 
- - - -- -
- -'-----
7 8 
.45974 .50078 
-.03066 -.26601 
-.44277 -.14074 
.45875 .46402 
.00186 -.52847 
-.45623 .30097 
.44385 .09392 
.02732 -.44022 
-.47661 .54413 
.42578 -.33650 
9 
.52990 
-.46367 
.26622 
-.01401 
-.23918 
.44220 
-.55416 
.55186 
-.43333 
.21828 
10 
.54532 
-.57873 
.55825 
-.52063 
.47009 
-.40843 
.33712 
-.25760 
.17100 
-.07832 
i 
00 
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TABLE 5.8a COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
10DF UNDAMPED TAPERED SYSTEMS 
EL CENTRO NS (16 SECONDS) 
STORY LINEAR a=0.3 ALL (APPROX/EXACT) a=0.1 ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ. NONLI[~EAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR Eel. NuNLINEAR 
DA11PING) LINEAR RSS ABS+RSS RSS A9S+HSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS F,SS ABS+RSS 
2 2 2 2 2 2 
1 7.10 3.66 1. 10 1. 37 .97 1. 22 5.13 1. 12 1. 39 .94 1. 17 4.73 1.17 1. 44 1. 13 1.38 
2 7.70 3.92 1. 11 1. 35 .98 1. 19 5.16 1. 18 1. 39 .98 1.17 4.72 1.22 1. 46 1. 20 1. 40 
3 8.07 4.04 1.08 1.25 .97 1. 11 4.51 1. 33 1. 49 1.09 1. 24 4.88 1. 23 1. 38 1. 22 1. 36 
4 8.18 4.42 1.10. 1.17 .93 1. 03 5.08 1. 31 1. 45 1. 06 1. 16 5.16 1.29 1.46 1.23 1. 34 
5 1.92 5.65 .93 1. 10 .84 1. 01 4.61 1. 47 1. 76 1. 19 1. 42 6.19 1.20 1. 46 i. 14 1. 33 
6 8.62 6.58 .95 1. 18 .84 1.05 5.99 1.28 1. 57 1.07 1. 32 7.07 1. 10 1. 37 1. 07 1. 29 
7 9.15 6.11 1.0.8 1. 30 .93 1. 10 6.44 1.26 1.53 1. 09 1. 34 6.17 1. 16 1. 41 1.15 1. 39 
8 9.04 6.54 1. 19 1. 30 1.02 1. 31 6.26 1. 33 1.53 1. 16 1. 52 6.60 1.21 1. 70 1.20 1. 56 
9 1.86 5.07 1. 34 1.73 1.17 1. 54 4.51 1. 53 2.01 1. 32 1.77 1.24 1.15 1. 57 1. 01 1. 36 
10 5.07 3.11 1.69 2.20 1. 49 1. 98 3.44 1. 16 1.58 .98 1. 32 3.58 1. 00 1. 36 .87 1. 11 
ex> 
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TABLE 5.8b COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
10DF UNDAMPED TAPERED SYSTEt-lS 
TAFT N21E (16 SECONDS) 
STORY LINEAR a=0.3 ALL (APPROX/EXACT) a=0.1 ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EO. NONLINEAR 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+HSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 2 2 
5.05 5.36 1.02 1.23 1.08 1. 29 4.83 .89 1. 14 1.09 1. 33 5.53 .83 1.08 .88 1. 12 
2 5.40 6.18 .99 1. 15 1. 14 1. 26 6.38 .76 .94 .96 1 . 11 7.50 .62 .78 .72 .87 
3 5.81 6.85 .95 1.05 1. 02 1. 11 8.15 .63 .13 .83 .91 8.00 .67 .79 .71 .81 
4 6. i4 7.85 .89 .96 .96 .04 9.04 .61 .80 .81 .90 7.96 .66 .76 .75 .85 
5 6.55 8.04 .91 1. 05 .99 1. 14 8.86 .67 .83 .81 1.02 6.75 .83 1. 05 .92 1. 12 
6 7.25 8.68 .90 1. 05 .96 1. 15 8.32 .76 .96 .93 1. 12 8.05 .78 1. 00 .82 1. 02 
7 8.02 9.65 .85 1. 01 .88 1. 03 7.67 .89 1. 11 1. 01 1.22 8.40 .85 1. 01 .84 1. 05 
8 8.54 9.07 .91 1. 16 .93 1. 19 6.00 1. 16 1. 54 1. 23 1.62 8.23 .96 1. 28 .91 1. 21 
9 7.98 8.92 .85 1. 13 .88 1. 18 5.14 1.21 1. 63 1.25 1. 69 4.54 1. 38 1. 86 ~ .29 1. 75 
10 5.38 6.32 1.09 1.47 1. 14 1. 55 3.63 .96 1.29 .98 1. 33 3.32 .80 1. 08 .75 1. 02 
TABLE 5.8c COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
10DF UNDAMPED TAPERED SYSTEMS 
OLYMPIA N04W (16 SECONDS) 
STORY LINEAR a=0.3 ALL (APPROX/EXACT) a=0.1 ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR E.~.NONLINEAR 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 2 2 
1 6.35 4.19 1. 10 1. 37 .93 1.17 7.58 .84 1. 01 .72 .90 8.92 .79 .98 .60 .77 2 6.70 4.24 1. 16 1. 39 .97 1. 18 6.45 1. 01 1. 15 .85 1. 01 6.09 1. 14 1.35 .85 1. 01 
3 6.79 4.28 1. 18 1. 33 .99 1.12 5.31 1.21 1.433 1. 00 1. 13 5.13 1. 33 1. 49 .98 1. 12 4 6.63 5.59 1.04 1. 16 .86 .97 5.47 1.25 1. 37 1.04 1. 16 4.69 1. 48 1. 61 1. 10 1. 23 
5 6.47 6.82 .95 1. 13 .79 .95 5.06 1. 38 1. 63 1. 16 1 .. 42 4.85 1. 40 1. '76 1. 15 1. 42 
6 7.68 7.74 .91 1.12 .77 .96 6.19 1. 22 1. 47 1.05 1. 31 5.99 1. 38 1. 69 1.05 1. 32 
7 9.13 8.53 .{)2 1.08 .76 .98 5.29 1. 38 1.66 1.23 1. 52 5.16 1.23 1. 79 1.28 1. 58 8 9.83 7.98 .98 1.28 .86 1. 12 5.00 1. 43 1. 87 1. 34 1. 78 5.58 1. 55 2.02 1. 26 1. 68 
9 9.07 5.73. 1.21 1. 64 1. 07 1.44 4.92 . 1.32 1. 79 1.28 1. 74 5.77 . 1.40 1. 88 1. 18 1.60 
10 6.07 3.20 1.69 2.30 1. 49 2.02 4.02 1.00 1. 36 .97 1. 32 4.89 .90 1. 22 .77 1.05 0:> 
0:> 
TABLE 5.8d COMPARISON OF EXACT AND APPROXIMATE DUCTILITY FACTORS 
10DF UNDAMPED TAPERED SYSTEMS 
PACOIMA S16E (16 SECONDS). 
STORY LINEAR a=0.3 ALL (APPROX/EXACT) a=0.1 ALL (APPROX/EXACT) a=0.05 ALL (APPROX/EXACT) 
NO. (4% MODAL NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR NON EQ.LINEAR EQ.NONLINEAR 
DAMPING) LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS LINEAR RSS ABS+RSS RSS ABS+RSS 
2 2 2 2 2 2 
1 4.47 5.17 .93 1.06 1. 01 1. 14 4.85 .86 1.04 .90 1.07 5.97 .85 1.04 .84 .99 
2 4.94 5.55 .96 1.06 1.04 1. 14 4.98 .89 1.04 .94 1.07 6.18 .87 1. 01 .87 .98 
3 5.20 6.27 .94 1. 00 1.02 1.08 6.03 .82 .91 .87 .95 6.17 .85 .98 .92 1. 00 
4 5.39 6.92 .92 .98 1. 01 1.06 6.19 .84 .91 .90 .98 6.02 .94 1.02 .99 1.00 
5 5.55 7.24 .92 1. 02 .99 1. 10 5.54 .95 1. 12 1.02 1. 18 4.02 1. 32 1.59 1.33 1.54 
6 5.43 7.30 .92 1. 04 .99 1. 11 5.94 .95 1.13 .98 1. 15 3.29 1. 52 1. 90 1. 46 1. 70 
7 5.38 7.31 .89 1. 01 1. 10 1. 15 5.40 1.05 1.29 1.05 1.26 4.21 1. 43 1.77 1. 29 1. 54 
8 5.80 6.74 .91 1. 11 .97 1. 18 4.43 1. 19 1. 55 1. 16 1.50 4.37 1. 43 1.86 1. 23 1.59 
9 5.33 5.87 .88 1. 14 .94 1.20 4.33 1.05 1. 40 1.02 1.36 5.62 1.09 1. 44 .91 1. 21 
10 3.55 3.22 1.20 1. 59 1.25 1. 64 2.01 .69 .90 .67 .87 2.21 .72 .92 .60 .76 
89 
F 
k m 
SDF System ~ 
t--- R cos wt 
k m Q.2k Q.2m 
2DF System 
~Rcoswt 
Billinear Hysteresis 
W2/W I = 1.57 
{<PI} T = [0.2796 0.7805] r l = 2.178 
{<P2} T = [0.3490 - 0.6252] r2 = 1.120 
FIGURE 2.1 BILINEAR SHEAR BEAM SYSTEMS 
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FIGURE 2.2 LINEAR DISPLACEMENT TRANSFER FUNCTION 
(SDF SYSTEM, ~ = 0.02, HARMONIC EXCITATION) 
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APPENDIX A 
NOTATION 
The following symbols are used in' this study: 
A = response amplitude 
An = modal response amplitude 
= modal response amplitude in elastic mode shape coordinates 
element strain-displacement relation matrix of order (SXM) 
c = system damping coefficient 
= equivalent linear damping coefficient 
element equivalent linear stiffness defined in Eq. (2.38c) 
or (2.4lb) 
en = modal equivalent linear stiffness defined in Eq. (2.48a) 
C(A) = equivalent linear stiffness defined in Eq. (2.24e) or (2.27a) 
[C] = system damping coefficient matrix of order (NXN) 
[C]eq = equivalent linear damping coefficient matrix of order (NXN) 
e = element index 
Ee = element strain amplitude 
Een = element strain amplitude in mode n 
f = frequency in cps 
f = n modal nonlinear force 
fO = elastic natural frequency in cps 
{f}e = element hysteretic restoring force vector of order (MX1) 
{ F} = hysteretic restoring force vector of order (NX1) 
ke = element stiffness 
keq = equivalent linear stiffness 
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kn = modal elastic stiffness 
kneq = modal equivalent linear stiffness 
ka = system elastic stiffness 
kn = elastic stiffness of the nonlinear modal SDF system 
[K] = system stiffness matrix of order (NXN) 
[K]e = element stiffness matrix of order' (MXM) 
[K]eq = equivalent linear stiffness matrix of order (NXN) 
'V [K]e = element stress-strain matrix of order (SXS) 
[L]e = element localizing matrix of order (MXN) 
m = system mass 
mn = modal mass 
mna = modal mass defined in Eq. (2.47b) 
M = number of degrees-of-freedom in element e 
[M] = system mass matrix of order (NXN) 
n = modal index 
N = number of degrees-of-freedom 
{r} = vector of order (NX1) representing the displacements 
resulting from a unit base displacement 
R = harmonic base exciting intensity 
RF equivalent linear damping reduction factor 
S = number of strain components in element e 
So = power spectral density of the stationary Gaussian white noise 
S = element hysteresis parameter defined in Eq. (2.32d) or (2.4la) e 
Sn = modal hysteresis parameters defined in Eqs. (2.48b) 
S(A) = hysteresis parameters defined in Eq. (2.24f) or (2.27b) 
t = time 
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Td = base excitation duration 
{u} = displacement vector relative to the base of order (NX1) 
{u} = velocity vector relative to the base of order (NX1) 
{u} = acceleration vector relative to the base of order 
{U} = displacement amplitude vector of order (NX1) 
x = spring displacement 
. 
x = spring velocity 
x = spring acceleration 
x = yield displacement y 
= element yield displacement 
complex function in frequency domain 
a = bilinear hardening coefficient 
a = element bilinear hardening coefficient 
e 
an = model bilinear hardening coefficient 
Seq = equivalent linear fraction of critical damping 
(NX1) 
Sneq = modal equivalent linear fraction of critical damping 
~e = element strain phase angle 
¢ = phase angle 
¢n = modal phase angle 
¢n = modal phase angle in elastic mode shape coordinates 
o 
Ee = element strain 
= element strain in mode n 
E(X,x,t) = equation deficiency 
En(nn,nn) = modal equation deficiency 
{s}e = element strain vector of order (SX1) 
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nn = normal mode displacement 
. 
nn = normal mode velocity 
w = exciting circular frequency in radian/sec 
Wo = system elastic natural circular frequency in radian/sec 
Weq = equivalent linear natural circular frequency in radian/sec 
wn = modal natural circular frequency in radian/sec 
W = modal equivalent linear natural circular frequency in radian/sec neq 
~ = ductility defined as the ratio of maximum displacement 
to yield displacement 
~A = steady state maximum ductility 
~A = pseudo-steady state maximum ductility 
~lF = pseudo~steady state maximum ductility for equivalent 
linear frequency 
~AD = pseudo-steady state maximum ductility for equivalent 
linear damping 
~s = stationary rms peak ductility 
~z = maximum ductility; zero-start 
~o = steady state rms ductility 
A 
~o = stationary rms ductility s 
en = wt + tP n 
0 2 = mean squared displacement x 
o? = mean squared velocity 
x 
{Den} = element stress vector in mode n of order 
{o}e = element stress vector of order (SX1) 
~n = fraction of the modal critical damping 
(SX1) 
{y} = displacement phase angle vector of order (NX1) 
{~ } = effective mode shape 
n 
{~ } = elastic mode shape 
nO 
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[¢J = effective mode shape matrix 
rn = modal participation factor 
rneq = modal equivalent linear participation factor 
[ JT = transpose of a matrix 
~ = change in quantity 
B.l Introduction 
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APPENDIX B 
FOURIER TRANSFORMATION 
This appendix briefly describes the Fourier transformation techniques 
used in this study. Details may be found in Ref. [3]. 
B.2 Fourier Transforms 
The Fourier integral of a complex signal x(t) (or real signal if the 
imaginary terms vanish) can be formed as 
00 
X(f) = f x(t) e-i2nft dt (B.l ) 
_00 
where X(f) ;s a complex function in the frequency domain, f ;s frequency, 
t is time, and; = ;:T. 
The function X(f) is the Fourier transform of x(t) if the integral 
in Eq. (B.1) exists for every real value of f. The function x(t) can be 
obtained from X(f) by the inversion formula 
00 
x(t) =f X(f) ei2nft df (B.2) 
_00 
The function x(t) and X(f) in Eqs. (B.l) and (B.2) are known as a 
Fourier transform pair because the frequency function can be derived from 
the time function or vice versa by equivalent processes. A necessary 
condition for the existence of the Fourier transforms is that 
00 
f Ix(t)ldt (B.3) 
_00 
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be finite. Equation (B.2) gives x(t) every point at which it is continuous. 
If x(t) is discontinuous at t = to' Eq. (B.2) gives a value equal to the 
average of x(t=tO) and x(t=t;). 
The time domain responses, x(t), as used in Chapter 3 are real. Then 
the real part of X(f) is an even function of frequency and the imaginary 
part of X(f) is an odd function of frequency. The even part of x(t) and 
the real part of X(f) are cosine transforms of each other while the odd 
part of x(t) and the imaginary part of X(f) are negative sine transforms 
of each other. X(-f) is the complex conjugate of X(f). 
More details regarding the theory of Fourier transforms can be found 
in mathematical texts; for example, Ref. [29J. 
C.3 Discrete Fourier Transforms 
In many practical situations such as the earthquake engineering 
problem, the time domain response, x(t), is only nonzero over a finite 
i nterva 1 . 
x(t) = x(t) o < t < T 
= 0 elsewhere 
Equation (B.1) then becomes 
X(f) X(t)-l TIft dt = f
T °2 
o 
where T is the maximum time duration used in x(t). 
If the duration (0, T) is discretized into N equal intervals, the 
time interval, ~t, becomes 
_ T 
~t - N 
(B. 4) 
(B. 5) 
( B. 6) 
162 
Equation (B.5), in discrete form, becomes 
N-l 
XK ~ X(k6f) = 6t E· x(j6t) exp(-i£n jk/N); k = 0,1,2, ... , N-l (S.7) j=O 
where ~f is the frequency interval 
1 6f = N~t 
and x(j~t), j = 0,1, ... , N-l are sampled values of the signal x(t). 
The maximum frequency is 
1 fmax = N~f = ~t 
The frequency interval (0, 2lt) contains all the information about 
the discrete Fourier transform Xk since Xk is the complex conjugate of 
XN- k· The frequency 2lt is known as the Nyquist frequency, fmax 
( B.8) 
(B.9) 
The inverse of the Fourier tra"nsform in Eq. (B.2) may also be assumed 
that 
X(f) = X(f) o < f < f 
- - max 
Equation (B.2) becomes 
= 0 elsewhere 
x(t) = Jfmax X(f) ei2~ft df 
o 
(B.10) 
(B.ll) 
Equation (B.ll) may be written as a discrete fourier transform as follows. 
N-1 
x(k6t) = ~f E X(j6t) exp(i2njk/N); k = 0,1,2, ... , N-l 
.;",,('\ J-V 
(8.12) 
163 
8.4 Fast Fourier Transform Analysis 
The discrete Fourier transforms in Eqs. (B.7) or (£.12) can be 
effectively calculated by the Fast Fourier Transformation algorithms (FFT). 
The algorithms significantly reduce the time in computation of the Fourier 
transforms if the number of data points, N = 2M, where M is an integer. 
The details of the FFT algorithms are beyond the scope of this brief 
summary and may be found in Ref. [3J. 
8.5 Accuracy of the Discrete Fast Fourier Transform Analysis 
Some of the important factors influencing the accuracy of the FFT 
procedure are briefly discussed in this section. 
B.5.l Aliasing -- Aliasing occurs when high frequency components in 
the signal cannot be distinguished from lower frequency components because 
the sampling interval 6t is too large. It can be shown that frequencies 
m 6t ~ fO where m = 1,2, ... cannot be distinguished from frequencies fO' 
when the signal is sampled at intervals 6t. 
The problem can be avoided by selecting a time interval 6t such that 
the frequency range (0, f* ) contains the significant frequency content 
max 
of the signal. 
8.5.2 Insignificant Low Frequency Content -- Extremely low frequency 
content in a time response, x(t), can be detected only if the time duration 
is very long. The lowest significant frequency in the discrete Fourier 
transform is + where T is the time duration. The frequency interval at 
which the transform is calculated is also liT, so that adequate determina-
tion of the shape of the transform in the frequency domain places some 
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constraints on the minimum duration of signal required. 
B.5.3 Interval Selection -- The time and frequency intervals are 
related to the number of points used in the discrete Fourier transforms 
as shown by Eq. (B.8). For a fixed number of points~it. is impossible to 
obtain a fine interval for both time and frequency. Since the number 'of 
data points N is limited by computational cost, a compromise must be made 
between the conflicting objectives of obtaining both small time and , 
frequency intervals. 
8.5.4 Leakage -- The discrete Fourier transforms use a finite time 
duration, T. This is equivalent to multiplying an actual time function, 
x(t), with a finite length rectangular "boxcar function ll which is unity 
within the time duration used and is zero elsewhere. This creates an 
undesirable spreading effect in the frequency doma,in called "leakage ll • 
To minimize the leakage effect, the time function, x(t), is multipled by 
a bell-shaped window. A simple window introduced by Hanning is used. 
The window has a form in the time domain as follows. 
dc(t) = 0 for t < 0 
1 
= "2 [1 21Tt] - cos T for 0 < t < T (6.13) 
= 0 for t > T 
which is equivalent to smoothing the Fourier modulus spectrum (called 
Hanning Smoothing) in the frequency domain as follows. 
(8.14) 
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B.5.5 Periodic Effect -- The Fourier transforms computed by the FFT 
technique are the Fourier transforms of the periodically extended time 
function rather than the true time function. To minimize the errors due 
to the period effect in a damped system, the input time function may be 
extended by inclusion of a significant interval of zeros at the end. 
This is to let the periodic effect damp away and not interfere with the 
next cycle. 
8.6 Computed Nonlinear Transfer Functions by Discrete FFT 
The nonlinear transfer functions computed by the discrete FFT technique 
in Chapter 3 used the methods mentioned in the previous sections. The 
discrete Fourier transforms in Eq. (B.7) were done using the FFT2 and 
FFRDR2 library subroutines provided by the IMSLIB. 
For the pulse-like input shown in Fig. 0.5, the time increment used 
was 0.01 second with 10 seconds of response. A band of zeros were added 
at the end so that the total number of points, N = 212. In this case, 
the Nyquist frequency, f* ,was 50 cps which is high enough to minimize 
max 
the effects of aliasing and periodicity. The frequency interval was 
0.0244 cps which was small enough for accurate determination of the 
transfer functions in the frequency domain. Five cycles of Hanning 
smoothing were performed. This smoothed the nonlinear transfer functions 
but also resulted in more spreading out. 
For the earthquakes as shown in Figs. D.l to D.4, the time increment 
used was 0.02 seconds with 18 seconds of response. A band of zeros was 
added at the end so that the total number of points, N = 212. The Nyquist 
frequency, f~ax' was 50 cps. The frequency interval was 0.0122 cps, and 
5 cycles of Hanning smoothing were performed. 
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APPENDIX C 
PERTURBATION METHOD FOR APPROXIMATE DETERMINATION 
OF EQUIVALENT LINEAR MODE SHAPES 
C.l Introduction 
Both approximate modal analysis procedures summarized in Chapter 4 
use the "equivalent linear mode shapes" of the MDF system to decompose 
the response history. 
These equivalent linear mode shapes are the mode shapes of a linear 
MDF system which has element stiffnesses equal to the equivalent linear 
stiffnesses C
e 
determined in Chapter 3. 
In the iterative procedure, the equivalent linear stiffnesses change 
at every cycle of iteration. To avoid solving a new eigenvalue problem 
during every iteration cycle, a per.turbation method is used which approxi-
mately determines the equivalent linear mode shapes as functions of the 
element stiffness change, ~k = k - Ceo The mode shapes determined e e 
by the perturbation method are termed "modified mode shapes". since they 
are determined by modifying the elastic mode shapes. Details of the 
perturbation method may be found in Ref. [24]. 
The procedure is straightforward and is briefly outlined in the 
following paragraphs. 
C.2 Perturbation Method 
Consider the eigenvalue problem for the elastic MDF system as given 
by Eq. (2.4) as follows 
(C.l) 
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where {¢ } and ware the orthonormal elastic mode shapes and modal 
n n 
natural circular frequency, respectively. The superscript (0) denotes 
the elastic values. It is assumed in the following development that the 
elastic frequencies are distinct from each other. 
The stiffness matrix of the equivalent linear system, assembled from 
the element equivalent linear stiffnesses, C
e
, is denoted by [K]EL' 
The equivalent linear stiffness matrix can be expressed as 
(C.2a) 
in which 
= C 
e 
(C.2b) 
for a single strain component. The summation over the elements represents 
a standard stiffness assembly. The notation in Chapter 2 is used. 
Let the stiffness change from the elastic system to the equivalent 
linear system be denoted by s[K](l). Then the equivalent linear stiffness 
matrix becomes 
(C.3) 
The eigenvalue problem for the equivalent linear MDF system becomes 
rc KJ ( 0) + £ [ K] ( 1) _ w 2 [M j1{ ¢} = {O } ~ nEL :J n EL (C.4) 
Rather than solve the eigenvalue problem given by Eq. (C.4) directly, 
the solution is expanded as a power series in s, in which the first terms 
(for s = 0) are the elastic values. 
(C.5) 
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2 _ 2(0) + 2(1) + 2 2(2) + Wn - wn sWn S wn .. · EL 
(C.6) 
Equations (C.5) and (C.6) are substituted into Eq. (C.4) and the 
coefficients of each power of S are grouped and set equal to zero. This 
procedure yields the following system of equations. 
~K](O) -w~(O)[MD{cpiO) ={O} (C.?) 
~ K] (1) - w~(1) [MD (cpi 0) + ~K] (0) - w~( 0) [MD {CPn} (1) = {a} (C.8) 
_w2(2)[M]{<p }(.O)+~K](1)_w2(1)[Mj1{<P }(1)+rcK](0)_w2(0)[Mj1{<P }(2)= {a} (c.g) 
n n L: n :J n L: n ~ n 
The mode shape changes {~ }(l), {<p }(2) ,... are now expressed as 
. n n 
linear combinations of the elastic mode shapes, with constants A~~), A~~), ... 
which are to be determined. Thus . 
i = 1,2, ... (C.10) 
To determine the first order frequency changes, Eq. (C.8) is premulti-
plied by {<pn}T(O). Using Eq. (C.10), and the orthogonality conditions for 
elastic mode shapes, Eq. (C.8) becomes 
(C.ll) 
When combined with Eqs. (C.3) and (C.8), Eq. (C.ll) gives the first 
order expression for equivalent linear frequency. 
2 ~ 2(0) + 2(1) W ~ W sw 
nEL n n 
= {<p }T(O)[K] {<p }(O) (first-order) (C.12) 
n EL n 
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Equation (C.12) is just the Rayleigh quotient expression for frequency 
using the elastic mode shapes and the equivalent linear stiffness matrix. 
To determine the first-order changes in mode shapes, Eq. (C.8) is 
premultiplied by {~k}T(O) where k ~ n. Equation (C.10) and the orthogona-
lity conditions for the elastic mode shapes yields 
k ~ n (C.13) 
The coefficient A~~) is arbitrary and is taken as zero, since {~n}(O) 
is already present in {~n} Thus 
EL 
A(l) = a 
nn 
(C.14) 
It is convenient to relate the changes in mode shapes and frequencies 
directly to the changes in element stiffnesses. The stiffness matrix 
change s[K](l) can be expressed in terms of element stiffness changes as 
(C.15) 
Thus, the numerator of the expression for A~~) in Eq. (C.13) can be 
written as 
(C.16) 
where Eek is the element strain in mode k, and ke is the element elastic 
stiffness. Let the strain energy change given by Eq. (C.16) be denoted by 
(C.17) 
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Note that ~Ekn = ~Enk 
Combining Eqs. (C.5), (C.13), (C.16) and (C.17), the first-order 
approximations for the equivalent linear mode shapes are 
(first-order) (C.1S) 
where ~Enk is given by Eq. (C.17) and M is the number of modes considered. 
Equation (C-12) for the first-order frequency change becomes 
(first-order) 
A more accurate expression for equivalent linear frequency can be 
obtained by using the mode shapes given by Eq. (C.1S) in a Rayleigh 
quotient expression 
which is consistent with development in Chapter 2. 
(C.19) 
(C.20) 
Equations (C.1S) and (C.20) are the first-order modified mode shapes 
and frequencies in terms of element equivalent linear stiffnesses. These 
expressions are sufficiently accurate for most cases, especially when the 
yielding in the structure ;s relatively uniform. 
If more accuracy is required because of large localized ductilities 
in the structure, the second-order perturbation expansions can be used. 
The second-order expressions are determined by using the same procedure 
as defined above with Eq. (C.9). 
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The resulting second-order expressions for the equivalent linear 
mode shapes are 
{ m} ~ {m } ( 0 ) ~ ~E kn ~ ~n EL ~n + k~l w2(O) w~(O) 
kin n 
(C.21) 
and the equivalent linear frequencies are again determined from the Rayleigh 
quotient, now using the modal strains from the second-order approximation, 
(C.22) 
C.3 Accuracy of the Perturbation Procedure 
A number of 3DF systems with uniform mass and elastic stiffness 
distributions were analyzed to study the accuracy of the modified mode 
shapes and frequen:~es calculated by the perturbation method. The stiff-
nesses of the systems were reduced in several combinations as shown in 
Table C.1. 
For each Sy~tP~t the mode shapes and frequencies are shown for the 
unaltered stlffnps~ps. and for the altered stiffnesses using (1) the first-
order approxlr,.}t lC1n. Eqs. (C.1S) and (C.20), (2) the second-order 
approximation 9 EQs. (C.21) and (C.22), and (3) an exact eigenvalue 
solution. 
It is noted that the first-order approximation gives good estimates 
of the exact equivalent linear mode shapes and frequencies even when there 
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are rather severe stiffness changes. In all numerical calculations 
reported in this study, the first-order approximation was used. 
TABLE C.1 MODIFIED MODE SHAPES AND FREQUENCIES 
Uniform System with 70% Reduction in the First Story Stiffness 
Mode Frequency (cps) 1st Mode Shape 2nd Mode Shape 3rd Mode Shape 
No. Orig Exact Approx Orig Exact Approx Orig Exact Approx Orig Exact Approx 
----
~ 
.071 .046 .047 .3280 .4857 .4423 .7370 .7459 .7840 .5910 .4558 .4362 OJ 
"'0 
s- 2 .198 · 171 . 171 .5910 .5902 .5939 .3280 .1049 .1187 -.7370 -.8004 -.8086 0 
+.l 3 .287 .278 .278 .7370 .6448 .6720 -.5910 -.6578 -.6094 .3280 .3893 .3949 U'l 
-
s- 1 .071 .046 .046 .3280 .4857 .4818 .7370 .7459 .7854 .5910 .4558 .4763 OJ 
"'0 
s- 2 .198 · 171 . 171 .5910 .5902 .5921 .3280 .1049 .1011 -.7370 -.8004 -.7933 0 
"'0 3 .287 .278 .278 .7370 .6448 .6453 -.5910 -.6578 -.6107 .3280 .3893 .3793 c:: 
--' 
N 
'-J 
W 
Uniform System with 70% Reduction in the Second Story Stiffness 
Mode Frequency (cps) 1st Mode Shape 2nd Mode Shape 3rd Mode Shape 
No. Orig Exact Approx Orig Exact Approx Orig Exact Approx Orig Exact Approx 
s-
.071 .052 .054 .3280 .1652 .2386 .7370 .9554 .8651 .5910 .2448 .4394 OJ 
"'0 
s- 2 .198 · 180 .182 .5910 .6573 .6289 .3280 .0784 . 1902 -.7370 -.7495 -.7424 0 
+.l 3 .287 .237 .234 .7370 .7353 .7400 -.5910 -.2847 -.4642 .3280 .6151 .5057 U'l 
-
s-
.071 .052 .052 .3280 .1652 .1940 .7370 .9554 .9234 .5910 .2448 .4540 OJ 
"'0 
s- 2 .198 .180 .180 .5910 .6573 .6449 .3280 .0784 .0989 .7370 -.7495 -.7433 0 
"'0 3 .287 .'237 .234 .7370 .7353 .7392 -.5910 -.2847 -.3710 .3280 .6151 .4912 c:: 
N 
TABLE C.l (continued) 
Uniform System with 70% Reduction in the Third Story Stiffness 1----------Mode Frequency (cps) 1st Mode Shape 2nd Mode Shape 3rd Mode Shape 
No. Ori 9 Exac t Approx o~ i g _____ E_x~:_.~ ___ Approx Orig Exact Approx Orig Exact Approx 
s- 1 .071 .062 .0(1') I . 3tHi') .2331 .2972 .7370 .5402 .4814 .5910 .8086 .8131 OJ 
-0 
s- 2 .198 .136 .13·' .5910 .4308 .5404 .3280 .6881 .6172 -.7370 -.5839 -.5793 0 
+-> 3 .287 .263 .263 .7370 .8718 .7872 -.5910 -.4844 -.6223 .3280 .0723 .0578 (/) 
r--
s- 1 .071 .062 .063 .3280 .2331 .2742 .7370 .5402 .3651 .5910 .8086 .7502 OJ 
-0 
s- 2. .198 · 136 .139 .5910 .4308 .5032 .3280 .6881 .7042 -.7370 -.5839 -.6435 0 
-0 3 .287 .263 .261 .7370 .8718 .8195 . -.5910 -.4844 -.6090 .3280 .0723 .1518 r;: 
--' N 
""-J 
.po 
Uniform System with 70%, 75%, 65% Reduction in Story Stiffnesses 
Mode Frequency (cps) 1st Mode Shape 2nd Mode Shape 3rd Mode Shape 
No. Orig Exact Approx Orig Exact Approx Orig Exact Approx Orig Exact Approx 
s-
.071 .038 .038 .3280 .3095 .3238 .7370 .8264 .7625 .5910 .4705 .5600 OJ 
-0 
s- 2 . 198 · 111 · 112 .5910 .6112 .5974 .3280 .2061 .2940 -.7370 -.7641 -.7461 0 
+-> 3 .287 · 156 · 155 .7370 .7284 .7337 -.5910 -.5241 -.5764 .3280 .4413 .3603 (/) 
r--
s- 1 .071 .038 .038 .3280 .3095 .3203 .7370 .8264 .7947 .5910 .4705 .5810 QJ 
-0 
s- 2 .198 
· 111 · 111 .5910 .6112 .6020 .3280 .2061 .2492 -.7370 -.7641 -.7378 0 
-0 3 .287 
· 156 · 155 .7370 .7284 .7314 -.5910 -.5241 -.5535 .3280 .4413 .3438 r;: N 
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APPENDIX 0 
CHARACTERISTICS OF GROUND EXCITATIONS 
This appendix contains acceleration versus time plots and the 
corresponding Fourier amplitude spectra for the ground excitations 
used in this study. The ground motion excitations are 
1 . El Centro 1940-NS in Fig. 0.1. 
2. Taft 1952-N21E in Fi g. 0.2. 
3. Olympia 1 949-N04W in Fi g. 0.3. 
4. Pacoima 1971-Sl6E in Fi g. 0.4. 
5. Simple pulse-like excitation in Fig. 0.5. 
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APPENDIX E 
COMPARISON OF EXACT AND EQUIVALENT LINEAR RESPONSES 
FOR SDF AND 3DF SHEAR BEAM SYSTEMS 
This appendix contains: 
1. The complete results of the study on bilinear SDF systems by 
the equivalent linear system approach described in Section 5.2. The 
earthquakes and system parameters used are described in Section 5.2.1 and 
tabulated in Table 5.1. The approximate solutions are obtained with one 
cycle of iteration starting from the exact solutions. The equivalent 
linear system maximum relative displacements and velocities are compared 
with the exact solutions calculated by step-by-step numerical integration 
and are shown in Figs. E.la to E.ga. Each figure shows a series of systems 
with the natural frequency ranging from 0.25 to 11 cps and with one value 
of viscous damping, ~, and bilinear hardening, u, subjected to one earth-
quake excitation. Yield strengths are varied corresponding to the design 
yield strength spectrum in Fig. 5.1 to yield four different ductility 
ranges. Figures E.la, E.2a, ..... , E.ga show the maximum relative 
displacement response spectra while Figs. E.lb, E.2b, ..... , E.9b show 
the corresponding maximum relative velocity response spectra. 
2. The relative velocity and spring force histories corresponding 
to the relative displacement response histories in Figs. 5.21 to 5.26 
are shown in Figs. E.10 to E.15. 
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CCM'ARI8Q'.J OF EXACT Ar-D ADPROX NON..ft.EAR SOOF SYSTEMS 
tOU£AR SOCl" S"l'S'TEMS 
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CCJt..PARISON OF EXACT AI'D A?PROX NON...It£AR SDOF sysTEMs 
t-OILtEAR SOCf" SYSTEMS 
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COtvPARISON OF EXACT AW APPROX NON-It£AR SDOF SYSTEMS 
rou.EAR SXF SYSTEMS 
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COtvPARISON Of EXACT AN) APPROX NON...lt-EAR SDOF SYSTEMS 
/IlN..H:AR SDa'" S'fSTEMS 
S'fSTE)AS : lOS ~ BU£AR, 2S am'JC6L VISCCUS DMPN> 
GUN) N'UT Cl. YW!A f'l)4W, WIX ~ ACXll£RATk:N-O.35G 
___ EXACT 
- __ - __ - _ EQ.jV ALENT l..t£AR 
100. 
10.0 
1.0 
O.t 
6.0 
3.0 
0.0 1----1-+1 -+-1 -+I-il-il-+I+I +-1 --+-+-1 -11-+1 -+1-+1 +1 +-41 --+--__ , 0.0 
0.1 1.0 10.0 
100. 
'~ 
r'o 
- _ ... -.. ... 
~ 
~ 1.0 1.0 
0.1 0.1 
14.0 I 30.0 
s I 
~ I ~ 7.0 1 ~ 0.0 ~~----1I--===-+----+-~f-+-+-+"+-"'-----+"-~-+-1 -+-1 -+1-+1-+1-+1+111--_+-__ o.0 
15.0 
0.1 1.0 10.0 
0.1 
0.1 
FIGURE E.6b VELOCITY RESPONSE SPECTRA 
1.0 
(a = O. 1, ~ = 0.02, OLYMPIA 1949-N04W) 
I IIIII 
10.0 
10.0 
10. 
4.0 
194 
C~ARISON OF EXACT AI'[) APPROX NON.Jl'£AR SDCf' SY8TEMS 
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COM='ARISON OF EXACT Am APPROX NOI'LIt-EAR SDOf SYSTEMS 
f'O'.Lt£AR SOCf" sys1tMs 
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COvPARISON OF EXACT AI'D APPROX NON...II\EAR SDOF SYSTEMS 
N:)IU£AR SOCf" SYSTEMS 
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COtvPARISQ\J OF EXACT AN) APPROX I'O-U£AR ~ SYSTEMS 
t-DUEAR SOCf" SYSTEMS 
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C()MlARiSON Cf' EXACT Al'D APPROX NCN..1f'.EAR SDCF SYSTEMS 
tOU£AR SOCt SYSTEMS 
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CCMlARlSON OF EXACT At.{) .l\PPROX NON....li'EAR SDCf" SYSTEMS 
~m..t£AR SOOf SYSTEMS 
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(a = 0.01, ~ = 0.05, EL CENTRO 1940-NS) 
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FIGURE E.l0 COMPARISON OF EXACT AND EQUIVALENT LINEAR VELOCITY 
AND SPRING FORCE TIME HISTORIES 
(UNDAMPED UNIFORM BILINEAR 3DF SYSTEM, a = 0.3, 
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FIGURE E.11 COMPARISON OF EXACT AND EQUIVALENT LINEAR VELOCITY 
AND SPRING FORCE TIME HISTORIES (UNDAMPED UNIFORM BILINEAR 3DF SYSTEM, a = 0.3, 
EL CENTRO 1940-NS, YIELD LEVEL 2) 
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